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Preface 


These notes arose from a series of introductory seminars on noncommutative geometry I 
gave at the University of Trieste in September 1995 during the X Workshop on Differential 
Geometric Methods in Classical Mechanics. It was Beppe Marmo’s suggestion that I wrote 
notes of the lectures. 


The notes are mainly an introduction to Connes’ noncommutative geometry. They 
could serve as a ‘first aid kit’ before one ventures into the beautiful but bewildering 
landscape of Connes’ theory |^. The main difference with other available introductions 
to Connes’s work, notably Kastler’s papers |^| and also Gracia-Bondia and Varilly paper 
Ml , is the emphasis on noncommutative spaces seen as concrete spaces. 


Important examples of noncommutative spaces are provided by noncommutative lat¬ 
tices. The latter are the subject of intensive work I am doing in collaboration with A.P. 
Balachandran, Giuseppe Bimonte, Elisa Ercolessi, Fedele Lizzi, Gianni Sparano and Paulo 
Teotonio-Sobrinho. These notes are also meant to be an introduction to these researches. 
There is still a lot of work in progress and by no means they can be considered as a review 
of everything we have achieved so far. Rather, I hope they will show the relevance and 
potentiality for physical theories of noncommutative lattices. 
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G. Marmo, G. Reina, G. Rovelli, G. Sewell, P. Siniscalco, G. Sparano P. Teotonio- 
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1 Introduction 


In the last fifteen years, there has been an increasing interest in noncommntative (and/or 
quantum geometry) both in mathematics and physics. 


In A. Connes’ functional analytic approach |^, noncommntative C^-algebras are 
the ‘dual’ arena for noncommntative topology. The (commutative) Gel’fand-Naimark 
theorem (see for instance ^^) states that there is a complete equivalence between the 
category of (locally) compact Hausdorff spaces and (proper and) continuous maps and the 
category of commutative (non necessarily) unital G*-algebras and *-homomorphisms. Any 
commutative G*-algebra can be realized as the G*-algebra of complex valued functions 
over a (locally) compact Hausdorff space. A noncommntative C'*-algebra will be now 
thought of as the algebra of continuous functions on some ‘virtual noncommntative space’. 
The attention will be switched from spaces, which in general do not even exist ‘concretely’, 
to algebras of functions. 


Connes has also developed a new calculus which replaces the usual differential calculus. 
It is based on the notion of real spectral triple {A,7i,D, J) where ^ is a noncommuta- 
tive *-algebra (in fact, in general not necessarily a C*-algebra), Td is a Hilbert space on 
which A is realized as an algebra of bounded operators, and D is an operator on Ti with 
suitable properties and which contains (almost all) the ‘geometric’ information. The an- 
tilinear isometry J on Ti will provide a real structure on the triple. With any closed 
n-dimensional Riemannian spin manifold M there is associated a canonical spectral triple 
with A = the algebra of complex valued smooth functions on M; 7^ = S), 

the Hilbert space of square integrable sections of the irreducible spinor bundle over M; D 
the Dirac operator associated with the Levi-Civita connection. For this triple, Connes’ 
construction gives back the usual differential calculus on M. In this case J is the compo¬ 
sition of the charge conjugation operator with usual complex conjugation. 

Yang-Mills and gravity theories stem from the notion of connection (gauge or linear) on 
vector bundles. The possibility of extending these notions to the realm of noncommntative 
geometry relies on another classical duality. Serre-Swan theorem states that there is 
a complete equivalence between the category of (smooth) vector bundles over a (smooth) 
compact space and bundle maps and the category of projective modules of finite type 
over commutative algebras and module morphisms. The space r(i?) of (smooth) sections 
of a vector bundle E over a compact space is a projective module of finite type over the 
algebra C{M) of (smooth) functions over M and any finite projective ^(Mj-module can 
be realized as the module of sections of some bundle over M. 


With a noncommntative algebra A as the starting ingredient, the (analogue of) vector 
bundles will be projective modules of finite type over A. One then develops a full theory 
of connections which culminates in the definition of a Yang-Mills action. Needless to 
say, starting with the canonical triple associated with an ordinary manifold one recovers 
the usual gauge theory. But now, one has a much more general setting. In Connes 
and Lott computed the Yang-Mills action for a space M x Y which is the product of a 
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Riemannian spin manifold M by a ‘discrete’ internal space Y consisting of two points. The 
result is a Lagrangian which reproduces the Standard Model with its Higgs sector with 
quartic symmetry breaking self-interaction and the parity violating Yukawa coupling with 
fermions. A nice feature of the model is a geometric interpretation of the Higgs held which 
appears as the component of the gauge held in the internal direction. Geometrically, the 
space M X Y consists of two sheets which are at a distance of the order of the inverse of 
the mass scale of the theory. Diherentiation on M x Y consists of diherentiation on each 
copy of M together with a hnite diherence operation in the Y direction. A gauge potential 
A decomposes as a sum of an ordinary diherential part and a hnite diherence part 

which gives the Higgs held. 

Quite recently Connes has proposed a purely ‘gravity’ action which, for a suitable 
noncommutative algebra A (noncommutative geometry of the Standard Model) yields the 
Standard Models Lagrangian coupled with Einstein gravity. The group Aut{A) plays the 
role of the diheomorphism group while the normal subgroup Inn{A) C Aut{A) gives the 
gauge transformations. Internal huctuations of the geometry, produced by the action of 
inner automorphisms, gives the gauge degrees of freedom. 


A theory of linear connections and Riemannian geometry, culminating in the ana¬ 
logue of the Hilbert-Einstein action in the context of noncommutative geometry has been 
proposed in |^. Again, for the canonical triple one recovers the usual Einstein gravity. 


When computed for a Connes-Lott space M xY as in [^, the action produces a Kaluza- 
Klein model which contains the usual integral of the scalar curvature of the metric on 
M, a minimal coupling for the scalar held to such a metric, and a kinetic term for the 
scalar held. A somewhat diherent model of geometry on the space M xY produced an 
action which is is just the Kaluza-Klein action of unihed gravity-electromagnetism con¬ 
sisting of the usual gravity term, a kinetic term for a minimally coupled scalar held and 
an electromagnetic term 


Algebraic iL-theory of an algebra A as the study of equivalence classes of projective 
module of hnite type over A provides analogues of topological invariants of the ‘corre¬ 
sponding virtual spaces’. On the other hand, cyclic cohomology provides analogues of 
diherential geometric invariants. iL-theory and cohomology are connected by the Chern 
characters. This has found a beautiful application by Bellissard 0] to quantum Hall ehect. 
He has constructed a natural cyclic 2-cocycle on the noncommutative algebra of function 
on the Brillouin zone. The Hall conductivity is just the pairing between this cyclic 2- 
cocycle and an idempotent in the algebra: the spectral projection of the Hamiltonian. A 
crucial role is played by the noncommutative torus . 


In this notes we present a self-contained introduction to a limited part of Connes’ 
noncommutative theory, without even trying to cover all aspects of the theory and hnalized 
to the presentation of some of the physical applications. 


In Section ^ we introduce G*-algebras and the (commutative) Gel’fand-Naimark the¬ 
orem. We then pass to structure spaces of noncommutative C'*-algebras. We describe to 
some extent the space PrimA of an algebra A with its natural Jacobson topology. Ex- 
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amples of such spaces turn out to be relevant in an approximation scheme to ‘continuum’ 
topological spaces by means of lattices with a non trivial Tq topology [Q . Such lattices 
are truly noncommutative lattices since their algebras of continuous functions are non- 
commutative C^-algebras of operator valued functions. Techniques from noncommutative 
geometry have been used to constructs models of gauge theory on these noncommutative 
lattices [I, i- Noncommutative lattices are described at length in Section |. 


Section | is devoted to the theory of inhnitesimals and the spectral calculus. We hrst 
describe the Dixmier trace which play a fundamental role in the theory of integration. 
Then the notion of spectral triple is introduced with the associated dehnition of distance 
and integral on a ‘noncommutative space’. We work out in detail the example of the 
canonical triple associated with any Riemannian spin manifold. Noncommutative forms 
are then introduced in Section Again, we show in detail how to recover the usual 
exterior calculus of forms. 


In the hrst part of Section ^ we describe abelian gauge theories in order to get some 
feelings about the structures. We then develop the theory of projective modules and 
describe the Serre-Swan theorem. Also the notion of Hermitian structure, an algebraic 
counterpart of a metric, is described. We hnish by presenting the connections, compatible 
connections, and gauge transformations. 

In Sections |] and ^ we present held theories on modules. In particular we show how to 
construct Yang-Mills and fermionic models. Gravity models are treated in Sections ^ In 
Section 0 we describe a simple quantum mechanical system on a noncommutative lattice, 
namely the ^-quantization of a particle on a noncommutative lattice approximating the 
circle. 


We feel we should warn the interested reader that we shall not give any detailed 
account of the construction of the Standard Model in noncommutative geometry nor of 
the use of the latter for model building in particle physics. We shall limit ourself to a 
very sketchy overview while referring to the existing and rather useful literature on the 
subject. 

The appendices contain related material to the one developed in the text. 


As alluded to before, the territory of noncommutative or quantum geometry is so 
vast and new regions are discovered at a high speed that the number of relevant papers 
is overwhelming. It is impossible to even think of cover ‘everything. We just hnish this 
introduction with a very partial list of ‘further readings’. The generalization from classical 
(differential) geometry to noncommutative (differential) geometry it is not unique. This 
is a consequence of the existence of several type of noncommutative algebras. A different 
approach to noncommutative calculus is the so called ‘derivation based calculus’ proposed 
in 10 . Given a non commutative algebra A one takes as the analogue of vector helds the 
Lie algebra DerA of derivations of A. Beside the fact that, due to noncommutativity, 
DerA is a module only over the center of A, there are several algebras which admits only 
few derivations. We refer to for details and several applications to Yang-Mills models 
and gravity theories. For Hopf algebras and quantum groups and their applications to 
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Quantum Field Theory we refer to 
have been proposed in ||105 


plane we refer to 
has been done in [BTf . 


and ||103| 


|, 1^, ^ 1^, Twisted (or pseudo) groups 

For other interesting quantum spaces such as the quantum 
Very interesting work on the structure of the space-time 


The reference for Connes’ noncommutative geometry is ‘par excellence’ his book 
Very helpful has been the paper ||1U1 . 
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2 Noncommutative Spaces and Algebras of Functions 


The starting idea of noncommutative geometry is the shift from spaces to algebras of 
functions defined on them. In general, one has only the algebra and there is no analogue 
of space whatsoever. In this section we shall give some general facts about algebras of 
(continuous) functions on (topological) spaces. In particular we shall try to make some 
sense of the notion of ‘noncommutative space’. 


2.1 Algebras 

Here we present mainly the objects that we shall need later on while referring to BBS 
for details. In the sequel, any algebra A will be an algebra over the field of complex 
numbers C. This means that .4. is a vector space over C, so that objects like aa + /36 
with a,b ^ A and a, j3 G C, make sense. Also, there is a product AxAb 

(a, b) ab E A, which is distributive over addition, 

a{b + c) = ab + ac , (a + b)c = ac + be , \/ a,b,c E A . (2.1) 

In general, the product is not commutative so that 

ab ^ ba . (2.2) 

We shall assume that A has a unit E. Here and there we shall comment on the situations 
for which this is not the case. 

The algebra A is called a *-algebra if it admits an (antilinear) involution * \ A ^ A with 
the properties. 


a** = a , 

{ab)* = b*a* , 

{aa + j3b)* = aa* + pb* , (2.3) 

for any a,b ^ A and a, P E € and bar denoting usual complex conjugation. 

A normed algebra A is an algebra with a norm 11 ■ 11 : .4. —IR which has the properties, 

I |a| I > 0 , I |a| I = 0 -v^ a = 0 , 

||aa|| = |a|||a||, 

||a + 6|| < ||a|| + ||6||, 

||a6|| < ||a||||6||, (2.4) 

for any a, 6 G A and a G (D. The third condition is called the triangle inequality while 
the last one is called the product inequality. The topology defined by the norm is called 
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the norm or uniform topology . The corresponding neighborhoods of any a G A are given 
by 

U{a, e) = {b G A \ \\a — b\ \ < e} , e > 0 . (2.5) 

A Banach algebra is a normed algebra which is complete in the uniform topology. 

A Banach *-algebra is a normed *-algebra which is complete and such that 

I|a*|I = I|a|I, 'i a E A . (2.6) 

A C*-algebra ^ is a Banach *-algebra whose norm satishes the additional identity 

||a*a|| = ||a||^ M a e A . (2.7) 

In fact, this property, together with the product inequality yields (p.6|) automatically. 
Indeed, ||a||^ = ||a*a|| < ll®*llll®ll from which ||a|| < ||a*||. By interchanging a with a* 
one gets ||a*|| < ||a|| and in turn (^T|) . 


Example 2.1 

The commutative algebra C{M) of continuous functions on a compact Hausdorff topolog¬ 
ical space M, with * denoting complex conjugation and the norm given by the supremum 
norm , 

ll/lloo = sup |/(a:)| . (2.8) 

xeM 

If M is not compact but only locally compact, then one should take the algebra Cq{M) 
of continuous functions vanishing at inhnity; this algebra has no unit. Clearly C{M) = 
Co{M) if M is compact. One can prove that Co(M) (and a fortiori C{M) if M is compact) 
is complete in the supremum norm [|. 


A 


Example 2.2 

The noncommutative algebra B{l-C) of bounded linear operators on an inhnite dimensional 
Hilbert space with involution * given by the adjoint and the norm given by the operator 
norm , 

||B||=sup{||i?x||:x €77,11x11 <!}. (2.9) 

A 


^Recall that a function / : M ^ C on a locally compact Hausdorff space is said to vanish at infinity 
if for every e > 0 there exists a compact set K C M such that |/(x)| < e for all x ^ K. As mentioned in 
Appendix the algebra Co{M) is the closure in the norm (^.8|) of the algebra of functions with compact 
support. The function / is said to have compact support if the space Kf =: {x G M \ f{x) ^ 0} is 
compact [pl|. 
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Example 2.3 

As a particular case of the previous, consider the noncommutative algebra M„( C) of n x n 
matrices T with complex entries, with T* given by the Hermitian conjugate of T. The 
norm (|2.9|) can also be equivalently written as 


||r|| = the positive square root of the largest eigenvalue of T*T . 
On the algebra M„(C) one could also define a different norm, 

||r|r = i,'t.p{T„} , T=(Ty). 


( 2 . 10 ) 


( 2 . 11 ) 


One can easily convince oneself that this norm is not a C'*-norm, the property (|2.7|) 
being not fulhlled. It is worth noticing though, that the two norms ( |2.1CI|) and (|2.11|) are 
equivalent as Banach norm in the sense that they define the same topology on M„(C): 
any ball in the topology of the norm (|2.1CI|) is contained in a ball in the topology of the 


norm (2.11) and viceversa. 


A 

A (proper, norm closed) subspace X of the algebra .4, is a left ideal (respectively a right 
ideal) if a G 4. and h E I imply that ah E T (respectively ha E T). A two-sided ideal is 
a subspace which is both a left and a right ideal. The ideal X (left, right or two-sided) 
is called maximal if there exists no other ideal of the same kind in which X is contained. 
Each ideal is automatically an algebra. If the algebra A has an involution, any *-ideal 
(namely an ideal which contains the * of any of its elements) is automatically two-sided. 
If 4. is a Banach *-algebra and X is a two-sided *-ideal which is also closed (in the norm 
topology), then the quotient AjX can be made a Banach *-algebra. Furthermore, if A 
is a A*-algebra, then the quotient AjX is also a A*-algebra. The A^-algebra A is called 
simple if it has no nontrivial two-sided ideals. A two-sided ideal X in the C'*-algebra A is 
called essential in A if any other non-zero ideal in A has a non-zero intersection with it. 

If A is any algebra, the resolvent setr{a) of an element a G 4. is the subset of complex 
numbers given by 

r(a) = {A G C I a — All is invertible} . (2.12) 

For any A G r{a), the inverse (a — A1I)~^ is called the resolvent oi a at A. The complement 
of r(a) in C is called the spectrum a(a) of a. While for a general algebra, the spectra 
of its elements may be rather complicate, for A^-algebras they are quite nice. If 4. is a 
A*-algebra, it turns out that the spectrum of any of its element a is a nonempty compact 
subset of C. The spectral radius p{a) of a G 4. is given by 

p{a) = SMp{|A| , A G T’(a)} (2.13) 

and, A being a A^-algebra, it turns out that 

p{a) = ||a|| , y a E A . (2-14) 
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A C'*-algebra is really such for a unique norm given by the spectral radius as in ( 2.14 ): 
the norm is uniquely determined by the algebraic structure. 


An element a G ^ is called self-adjoint if a = a*. The spectrum of any such element 
is real and a{a) C [—||a||, ||a||], cr(a^) C [ 0 , ||a||^]. An element a G ^ is called positive if 
it is self-adjoint and its spectrum is a subset of the positive half-line. It turns out that 
the element a is positive if and only if a = 6*6 for some b E A. If a 7 ^ 0 is positive, one 
also writes a > 0 . 


A *-morphism between two C'*-algebras A and B is any C-linear map n : A ^ B 
which in addition satishes the conditions, 

7i{ab) = 7r(a)7r(6) , 

7 r(a*) = 7 r(a)* , \/ a,b ^ A . (2.15) 

These conditions automatically imply that vr is positive, namely 7 r(a) > 0 if a > 0. Indeed, 
if a > 0, then a = 6*6 for some 6 G as a consequence, 7 r(a) = 7 r( 6 * 6 ) = 7 r( 6 )* 7 r( 6 ) > 0. 
It also turns out that vr is automatically continuous, norm decreasing, 

||7r(a)||g < ||a||_^ , \/a E A , (2-16) 

and the image 7t{A) is a C*-subalgebra of B. A *-morphism vr which is also bijective as a 
map, is called a *-isomorphism (the inverse map 7i~^ is automatically a *-morphism). 

A representation of a C'*-algebra ^ is a pair (7i, vr) where 7^ is a Hilbert space and vr 
is a *-morphism 

tt:A —^ B{n) , (2.17) 

with B{H) the C*-algebra of bounded operators on H. 

The representation (7i, tt) is called faithful if ker{7r) = {0}, so that vr is a *-isomorphism 
between A and 7i{A). One proves that a representation is faithful if and only if ||vr(a)|| = 

I |a| I for any a E A or 7 r(a) > 0 for all a > 0. 

The representation (H, tt) is called irreducible if the only closed subspaces of Ti. which are 
invariant under the action of vr(^) are the trivial subspaces {0} and H. One proves that 
a representation is irreducible if and only if the commutant t^{A)' of vr(^), i.e. the set of 
of elements in B{l-C) which commute with each element in 7^{A), consists of multiples of 
the identity operator. 

Two representations ( 7 -fi, 7 ri) and {fH 2 ,T^ 2 ) are said to be equivalent (or more precisely, 
unitary equivalent) if there exists a unitary operator f/ : ?-fi —> 7 -f 2 , such that 

7 ri(a) = U*'K 2 {a)U , ^ a E A . (2.18) 

In the Appendix ^ we describe the notion of states of a 0*-aIgebra and the representations 
associated with them via the Gel’fand-Naimark-Segal construction. 

The subspace X of the G*-aIgebra A is called a primitive ideal if X = kerin) for some 
irreducible representation (Ti, vr) of A. Notice that X is automatically a two-sided ideal 



which is also closed. If A has a faithful irreducible representation on some Hilbert space 
so that the set {0} is a primitive ideal, it is called a primitive C*-algebra . The set PrimA 
of all primitive ideals of the C'*-algebra A will play a crucial role in the following. 


2.2 Commutative Spaces 


The content of the commutative Gel’fand-Naimark theorem is precisely the fact that 
given any commutative C*-algebra C, one can reconstruct a Hausdorff topological space 
M such that C is isometrically ^-isomorphic to the algebra of continuous functions C{M) 

MM- 


In this section C denotes a fixed commutative C^-algebra with unit. Given such a C, we 
let C denote the structure space of C, namely the space of equivalence classes of irreducible 
representations of C. The trivial representation given by C ^ {0} is not included in C. The 
G*-algebra C being commutative, every irreducible representation is one-dimensional. It 
is then a (non-zero) *-linear functional 0 : C —C which is multiplicative, i.e. it satisfies 
(j){ah) = 0(a)0(6), for any a, 6 G C. It follows that 0(1) = 1, V 0 G C. Any such 
multiplicative functional is also called a character oi C. The space C is then also the space 
of all characters of C. 


The space C is made a topological space, called the Gel’fand space of C, by endowing 
it with the Gel’fand topology , namely with the topology of pointwise convergence on C. 
A sequence {0A}AeA (A is any directed set) of elements of C converges to 0 G C if and 
only if for any c E C, the sequence {0A(c)}AeA converges to (j){c) in the topology of C. 
The algebra C having a unit, C is a compact Hausdorff space [|. The space C would be 
only locally compact if C is without unit. 

Equivalently, C could be taken to be the space of maximal ideals (automatically two- 
sided) of C instead of the space of irreducible representations 0. The G*-algebra C be¬ 
ing commutative, these two constructions agree because, on one side, kernels of (one¬ 
dimensional) irreducible representations are maximal ideals, and, on the other side, any 
maximal ideal is the kernel of an irreducible representation [^. Indeed, consider 0 G C. 
Then, since C = Ker{(j)) © C, the ideal Ker{(f)) is of codimension one and so is a maximal 
ideal of C. Gonversely, suppose that X is a maximal ideal of C. Then, the natural rep¬ 
resentation of C on C/X is irreducible, hence one-dimensional. It follows that Cjl = C, 
so that the quotient homomorphism C ^ C/X can be identified with an element 0 G C. 
Glearly, X = Ker{(j)). When thought of as a space of maximal ideals, C is given the 
Jacobson topology (or hull kernel topology) producing a space which is homeomorphic to 

^Recall that a topological space is called Hausdorff if for any two points of the space there are two 
open disjoint neighborhoods each containing one of the points |p7[ . 

^If there is no unit, one needs to consider ideals which are regular (also called modular) as well. An 
ideal X of a general algebra A being called regular if there is a unit in A modulo X, namely an element 
u G A such that a — au and a — ua are in X for all a G A If A has a unit, then any ideal is 
automatically regular. 


9 








the one constructed by means of the Gel’fand topology. We shall later describe in details 
the Jacobson topology. 


Example 2.4 

Let us suppose that the algebra C is generated by iV-commuting self-adjoint elements 
Xi,... jXjv. Then the structure space C can be identihed with a compact subset of IR'^ 


by the map [27 


e C 


(0(xi),... Xxjv)) G IR 


N 


(2.19) 


and the range of this map is the joint spectrum of Xi,...,XAr, namely the set of all 
Wtuples of eigenvalues corresponding to common eigenvectors. 


A 


In general, if c G C, its Gel’fand transform c is the complex-valued function on C, 
c : C —>• C, given by 

c{(l)) = (l){c) , W (j) ^ C . (2.20) 

It is clear that c is continuous for each c. We thus get the interpretation of elements in 
C as C-valued continuous functions on C. The Gel’fand-Naimark theorem states that all 
continuous functions on C are of the form (p.2(]|) for some c G C [p^ ^ . 


Proposition 2.1 

Let C be a eommutative C*-algebra. Then, the GeTfand transform c ^ c is an isometric 
*-isomorphism of C onto C(C); isometric meaning that 


|c|L = l|c|| , V c G C , 


with II ■ the supremum norm on C(C) as in (^.8^) . 


( 2 . 21 ) 


□ 


Suppose now that M is a (locally) compact topological space. As we have seen in 
Example |2.1| of Section |2.1| , we have a natural G*-algebra C{M). It is natural to ask what 
is the relation between the Gel’fand space C{M) and M itself. It turns out that this two 
spaces can be identihed both setwise and topologically. First of all, each m G M gives a 
complex homomorphism (p^n ^ C{M) through the evaluation map. 


0^:C(M)^C, 0^(/) = /(m) 


( 2 . 22 ) 


Let Im denote the kernel of pm, namely the maximal ideal of C{M) consisting of all 
functions vanishing at m. We have the following |48[| , 


Proposition 2.2 

The map p of US. 3^) is a homeomorphism of M onto C{M). Eguivalently, every maximal 
ideal of C{M) is of the form Xm for some m G M . 
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□ 

The previous two theorems set up a one-to-one correspondence between the ^-isomorphism 
classes of commutative C*-algebras and the homeomorphism classes of locally compact 
Hausdorff spaces. Commutative C*-algebras with unit correspond to compact Hausdorff 
spaces. In fact, this correspondence is a complete duality between the category of (lo¬ 
cally) compact Hausdorff spaces and (proper ^ and) continuous maps and the category of 
commutative (non necessarily) unital C^-algebras and *-homomorphisms. Any commu¬ 
tative C^-algebra can be realized as the C^-algebra of complex valued functions over a 
(locally) compact Hausdorff space. Finally, we mention that the space M is metrizable in- 
dextopological spacelmetrizable, namely its topology comes from a metric, if and only if 
the C'*-algebra is norm separable, namely it admits a dense (in norm) countable subset. 
Also it is connected indextopological space!connected if the corresponding algebra has 
no projectors, indexprojector namely self-adjoint, p* = p, idempotents, indexidempotent 
=p, [|6l. 


2.3 Noncommutative Spaces 


The scheme described in the previous section cannot be directly generalized to a noncom¬ 
mutative C^-algebra. To show some of the features of the general case, let us consider 
the simple example (taken from |^) of the algebra 


M2(C) = { 


Oil ai2 

021 O22 


, ttij € C} 


The commutative subalgebra of diagonal matrices 


C = { 


A 0 

0 /i 


, A, /X G C} , 


has a structure space consisting of two points given by the characters 


01 ( 


A 0 

0 /i 


) = A , 02( 


A 0 

0 /X 


= F • 


(2.23) 


(2.24) 


(2.25) 


These two characters extend as pure states (see Appendix ^ to the full algebra M 2 (C) 
as follows. 


0, :M2(C)-^C, x = 1,2. 


01 ( 


Oil O12 
021 022 


) — Oil , 02( 


Oil O12 
O2I O22 


) — O 22 • 


(2.26) 


^Recall that a continuous map between two locally compact Hausdorff spaces f : X ^ Y is called 
proper if is a compact subset of X when itT is a compact subset of Y. 
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But now, noncommutativity implies the equivalence of the irreducible representations of 
M 2 (C) associated, via the Gel’fand-Naimark-Segal construction, with the pure states 
and (j) 2 - In fact, up to equivalence, the algebra M 2 (C) has only one irreducible represen¬ 
tation, i.e. the dehning two dimensional one Q. We show this in Appendix 

For a noncommutative G^-algebra, there is more than one candidate for the analogue 
of the topological space M. We shall consider the following ones: 

1 ) The structure space of A or space of all unitary equivalence classes of irreducible 
^-representations. Such a space is denoted by A. 

2 ) The primitive spectrum of A or the space of kernels of irreducible *-representations. 
Such a space is denoted by PrimA. Any element of PrimA is automatically a 
two-sided *-ideal of A. 

While for a commutative G^-algebra these two spaces agree, this is not any more true for 
a general C'*-algebra A, not even setwise. For instance, A may be very complicate while 
PrimA consisting of a single point. One can dehne natural topologies on A and PrimA. 
We shall describe them in the next section. 


2.3.1 The Jacobson (or hull-kernel) Topology 

The topology on PrimA is given by means of a closure operation. Given any subset W of 
PrimA, the closure IF of IF is by dehnition the set of all elements in PrimA containing 
the intersection f] hF of the elements of IF, namely 

IF =: {X G PrimA (ZX} . (2.27) 

For any G^-algebra A we have the following. 


Proposition 2.3 

The closure operation 


^2.2'1[ ) satisfies the Kuratowski axioms 


Ai. 0 = 0 . 

As. IF C IF , V IF G PrimA ; 

K^.W = W , V IF G PrimA ; 

A 4 . IFi UIF 2 = IFi U IF 2 , V IFi, IF 2 G PrimA . 

^As we shall mention in Appendix]^, MslC) is strongly Morita equivalent to C. Two strongly Morita 
equivalent C*-algebras have the same space of classes of irreducible representations. 
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Proof. Property Ki is immediate since 00 ‘does not exists’. By construction, also K 2 is 
immediate. Furthermore, f]W = f]W from which W = W, namely K^. To prove iF 4 , 
observe hrst that V W (fl 1^) 0 (fl hF) V 0 hF- From this it follows that 

hFi 0 hFi U hF 2 , f = 1 , 2 and in turn 


W1UW2 CWiU W2 


(2.28) 


To obtain the opposite inclusion, consider a primitive ideal X not belonging to fFi U hF 2 - 
This means that fl hFi ^ X and f] FO ^ X. Thus, if vr is a representation of A with X = 
Kerb'll), there are elements a G fl hFi and & G fl hF 2 such that 7 r(a) 7 ^ 0 and 7i{b) 7 ^ 0. If ^ 
is any vector in the representation space such that 7 r(a)^ 7 ^ 0 then, vr being irreducible, 
is a cyclic vector for vr (see Appendix ^). This, together with the fact that 7i{b) 7 ^ 0, 
ensures that there is an element c ^ A such that 7 r( 6 )( 7 r(c) 7 r(a)).^ 7 ^ 0 which implies that 
bca ^ Kerjn ) = X. Bu t bca G (fl fFi)n(n W 2 ) = n(fFiUfF 2 )_The_refore n(lFiU_lF 2 ) 

What we have proved is that X ^ fFiUhF 2 


whence X ^ hFi U fF 2 . 
which gives the inclusion opposite to (p.28|) . So 7^4 follows. 


X ^ hFiUhF 2 , 


□ 


It follows that the closure operation (|2.27|) dehnes a topology on PrimA, (see Appendix 
which is called Jacobson topology or hull-kernel topology. The reason for the name is that 
n hF is also called the kernel of W and then W is the hull of f] hF ESI, |33 . 


To illustrate this topology, we shall give a simple example. Consider the algebra C{I) 
of complex-valued continuous functions on an interval I. As we have seen, its structure 
space C{I) can be identihed with the interval I. For any a,b ^ k, let W be the subset of 
C{I) given by 

fF = {Xa,, X G ]a,6[ } , (2.29) 

where Xx is the maximal ideal of C{I) consisting of all functions vanishing at x, 


X, = {fe C{I) I fix) = 0} . (2.30) 

The ideal Xx is the kernel of the evaluation homomorphism as in (|2.22|) . Then 

f]W= f]Xx = {feCiI);fix) = 0,Wxe]a,b[}, (2.31) 

x£]a,b[ 

and, the functions being continuous, 

W = {X eC \ dX} 

= W U {XaM 

= {Xx, X e [a,b] } , (2.32) 


which can be identihed with the closure of the interval ]a, b[. 


In general, the space PrimA has few properties which are easy to prove and that we 
state as propositions [Q . 
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Proposition 2.4 

Let W be a subset of PrimA. Then W is closed if and only if W is exactly the set of 
primitive ideals containing some subset of A. 


Proof. If W is closed then W = W and by the very dehnition (|2.27|) , W is the set of 
primitive ideals containing f] W. Conversely, let V ^ A. If hh is the set of primitive 
ideals of A containing V, then V ^ Cl W from which W C W, and, in turn, W = W. 


□ 


Proposition 2.5 

There is a bijective correspondence between closed subset W of PrimA and (norm-closed 
two sided) ideals Jw of A. The correspondence is given by 

IP = {X G PrimA : Jw X X} . (2.33) 


Proof. If W is closed then W = W and by the very dehnition ( p.27| ), Jw is just the ideal 
n W. Conversely, from the previous proposition, W dehned as in (|2.33|) is closed. 


□ 


Proposition 2.6 

Let W be a subset of PrimA. Then W is closed if and only if I E W and X J ^ 


Jew. 


Proof. If W is closed then W = W and by the very dehnition (|2.27|) , X eW and X X J 
implies that J e W . The converse implication is also evident by the previous Proposition. 


□ 


Proposition 2.7 

The space PrimA is a To-space |^. 


Proof. Suppose Xi and X 2 are two distinct points of PrimA so that, say, Xi ^ X 2 . Then 
the set W of those X G PrimA which contain Xi is a closed subset (by p^.4| ), such that 
Xi G IP and X 2 ^ IP. The complement IP'^ of IP is an open set containing X 2 and not Xi. 

^Recall that a topological space is called To if for any two distinct points of the space there is an open 
neighborhood of one of the points which does not contain the other . 
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□ 


Proposition 2.8 

Let X G PrimA. Then the point {1} is closed in PrimA if and only if X is maximal 
among primitive ideals. 


Proof. Indeed, the closure of {X} is just the set of primitive ideals of A containing X. 


□ 


In general, PrimA is not a Ti-space [| and will be so if and only if all primitive ideals 
in A are also maximal. This is for instance the case if A is commutative. The notion 
of primitive ideal is more general that the one of maximal ideal. For a commutative C*- 
algebra an ideal is primitive if and only if is maximal. In general it is not even true that 
a maximal ideal is also primitive. One can prove that this is the case if A has a unit 


Let us now consider the structure space A. Now, there is a canonical surjection 

A —> PrimA , TT H-^ ker{'K) . (2.34) 

The inverse image under this map, of the Jacobson topology on PrimA is a topology for A. 
In this topology, a subset S' C ^ is open if and only if is of the form {ti ^ A \ ker^n) E W} 
for some subset W C PrimA which is open in the (Jacobson) topology of PrimA. The 
resulting topological space is still called the structure space. There is another natural 
topology on the space A called the regional topology. For a C*-algebra A, the regional and 


the pullback of the Jacobson topology on A coincide, |@, page 563]. 


Proposition 2.9 

Let A be a C*-algebra. The following conditions are eguivalent 
(i) A is a Tq space. 

(a) Two irreducible representations of A with the same kernel are eguivalent. 
(Hi) The canonical map A —> PrimA is a homeomorphism. 


Proof. By construction, a subset S E A will be closed if and only if it is of the form 
{tt E A : ker{7r) E W} for some W closed in PrimA. As a consequence, given any 
two (classes of) representations 7ri,7r2 G A, the representation tti will be in the closure 
of tt 2 if and only if ker{'Ki) is in the closure of fcer(7r2), or, by Prop. ^^ if and only if 

^Recall that a topological space is called TiTo if any point of the space is closed [^. 
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ker{TT2) C ker{'Ki). In turn, tti and 1^2 are one in the closure of the other if and only 
if ker{Ti2) = ker{ni). Therefore, tti and 712 will not be distinguished by the topology of 
A if and only if they have the same kernel. On the other side, if A is Tq one is able 
to distinguish points. It follows that {i) implies that two representations with the same 
kernel must be equivalent so as to correspond to the same point of A, namely {ii). The 
other implications are obvious. 


□ 

Recall that a (non necessarily Hausdorff) topological space S is called locally compact 
if any point of S has at least one compact neighborhood. A compact space is automatically 
locally compact. If S' is a locally compact space which is also Hausdorff, than the family of 
closed compact neighborhoods of any point is a base for its neighborhood system. With 
respect to compactness, the structure space of a noncommutative (S^-algebra algebra 
behaves as in the commutative situation [^, page 576], 


Proposition 2.10 

If A is a C*-algebra, then A is locally compact. Likewise, Prim A is locally compact. If 
A has a unit, then both A and PrimA are compact. 


□ 

Notice that in general, A compact does not imply that A has a unit. For instance, the 
algebra ]C{H) of compact operators on an inhnite dimensional Hilbert space H has no 
unit but its structure space has only one point (see next section). 


2.4 Compact Operators 


We recall H that an operator on the Hilbert space H is said to be of hnite rank if the 


orthogonal complement of its null space is hnite dimensional. Essentially, we may think 
of such an operator as a hnite dimensional matrix even if the Hilbert space is inhnite 
dimensional. 


Definition 2.1 

An operator T on H is said to be compact if it can be approximated in norm by finite 
rank operators. 


O 

An equivalent way to characterize a compact operator T is by stating that 

V e > 0 , 3 a hnite dimensional subspace E C H : ||T|£;x|| < e . (2.35) 
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Here the orthogonal subspace is of finite codimension in Ti. The set ICiTL) of all 
compact operators T on the Hilbert space Ti is the largest two-sided ideal in the C*-algebra 
B{7i) of all bounded operators. In fact, it is the only norm closed and two-sided when Ti 
is separable; and it is essential |^. It is also a C^-algebra with no unit, since the operator 
II on an inhnite dimensional Hilbert space is not compact. The dehning representation of 
fC{7i) by itself is irreducible and it is the only irreducible representation of ICiH) up 
to equivalence R. 


There is a special class of C^-algebras which have been used in a scheme of approxi¬ 
mation by means of topological lattices iSi; they are postliminal algebras. For these 
algebras, a relevant role is again played by the compact operators. Before we give the 
appropriate dehnitions, we state another results which shows the relevance of compact 
operators in the analysis of irreducibility of representations of a general C^-algebra and 
which is a consequence of the fact that )C{H) is the largest two-sided ideal in BiH) [p^] . 


Proposition 2.11 

Let A be a C*-algebra acting irreducibly on a Hilbert space and having non-zero inter¬ 
section with }C{H). Then 1C{Ti) C A. 


□ 


Definition 2.2 

A C*-algebra A is said to be liminal if for every irreducible representation (TC,7i) 
one has that vr(.4.) = IC(H) (or eguivalently, from Prop. |^.ij|, 7 r(. 4 .) C fCifH)). 


of A 


So, the algebra A is liminal it is mapped to the algebra of compact operators under any 
irreducible representation. Furthermore, if ^ is a liminal algebra, then one can prove that 
each primitive ideal of A is automatically a maximal closed two-sided ideal of A. As a 
consequence, all points of PrimA are closed and PrimA is a Ti space. In particular, 
every commutative C*-algebra is liminal ^ . 


Definition 2.3 

A C*-algebra A is said to be postliminal if for every irreducible representation (Td, tt) of 
A one has that K,{TL) C 7 r(. 4 .) (or eguivalently, from Prop. |^. 1 j| , 7 r(. 4 .) fl K,{TL) 7 ^ Oj. 


Every liminal C^-algebra is postliminal but the converse is not true. Postliminal algebras 
have the remarkable property that their irreducible representations are completely char¬ 
acterized by the kernels: if ( 7 -fi, 7 ri) and ( 7 i 2 , 7 J' 2 ) are two irreducible representations with 

®If is finite dimensional, = C" say, then B{G^) = /C(C") = IM„(C), the algebra of n x n matrices 
with complex entries. Such algebra has only one irreducible representation (as an algebra), namely the 
defining one. 
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the same kernel, then tti and tt 2 are equivalent 
and PrimA are homeomorphic. 


341. From Prop. 


, the spaces A 
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3 Noncommutative Lattices 


The idea of a ‘discrete substratum’ underpinning the ‘continuum’ is somewhat spread 
among physicists. With particular emphasis this idea has been pushed by R. Sorkin who 
^ assumes that the substratum be a finitary (see later) topological space which main¬ 


m 


tains some of the topological information of the continuum. It turns out that the finitary 
topology can be equivalently described in terms of a partial order. This partial order 
has been alternatively interpreted as determining the causal structure in the approach 
to quantum gravity of [|^. Recently, finitary topological spaces have been interpreted 


as noncommutative lattices and noncommutative geometry has been used to construct 
quantum mechanical and field theoretical models, notably lattice fields models, on them 


Given a suitable covering of a topological space M, by identifying any two points of M 
which cannot be ‘distinguished’ by the sets in the covering, one constructs a lattice with 
a finite (or in general a countable) number of points. Such a lattice, with the quotient 
topology becomes a To-space which turns out to be the structure space (or equivalently, the 
space of primitive ideal) of a postliminar approximately finite dimensional (AF) algebra. 
Therefore the lattice is truly a noncommutative space. In the rest of this Section we shall 


describe noncommutative lattices in some detail while in Section we shall illustrate 
some of their applications in physics. 


3.1 The Topological Approximation 

The approximation scheme that we are going to describe has really a deep physical flavor. 
To get a taste of the general situation, let us consider the following simple example. Let 
us suppose we are about to measure the position of a particle which moves on a circle, of 
radius one say, 5^ = {0 < < 27r, mod 27r}. Our ‘detectors’ wiW be taken to be (possibly 

overlapping) open subsets of with some mechanism which switch on the detector when 
the particle is in the corresponding open set The number of detectors must be clearly 
limited and we take them to consist of the following three open subsets whose union 
covers 5^, 

Ul = {-^TT < < |7r} , 

U2 = {| 7 r < (p < Itt} , ( 3 . 1 ) 

t /3 = {tt < (p < 27r} . 

Now, if two detectors, Ui and U 2 say, are on, we will know that the particles is in the 
intersection t/i fl 1/2 although we will be unable to distinguish any two points in this 
intersection. The same will be true for the other two intersections. Furthermore, if only 
one detector, Ui say, is on, we can infer the presence of the particle in the closed subset 
of given by Gi \ {Gi fl 1/2 U G Ga} but again we will be unable to distinguish any two 
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points in this closed set. The same will be true for the other two closed sets of similar 
type. Summing up, if we have only the three detectors ( |3.1| ), we are forced to identify 
the points which cannot be distinguished and will be represented by a collection of six 


(, 6 , c} which correspond to the following 

identihcations 

n t /3 = {|7r < (f < 27r} 

—> a , 

n t /2 = < (fi < fvr} 

^ /3, 

n U 3 = {ti < ip < |7r} 

^ 7 , 

\ {u, nU 2 [jUinu,} = { 0 <ip< ^tt} 

—a , 

\ {U 2 n t/i u f /2 n U 3 } = {fvr < (^ < vr} 

- b, 

\ {Us nU 2 [jUsn Ui} = {|7r < (^ < |7r} 

—*• c . 


(3,2) 


We can push things a bit further and keep track of the kind of set from which a point 
comes by declaring a point to be open (respectively closed) if the subset of from which 
it comes is open (respectively closed). This is equivalently achieved by endowing the space 
P with a topology a basis of which is given by the following open (by dehnition) sets, 

{a}, {/?}, { 7 } , 

{a, a, (3}, {a,c, 7 }- (3-3) 

The corresponding topology on the quotient space P is noting but the quotient topology 
of the one on generated by the three open sets Ui,U 2 ,U 3 , by the quotient map (^. 21 ). 


In general, let us suppose we have a topological space M together with an open 
covering U = {U\} which is also a topology for M, namely U is closed under arbitrary 
unions and hnite intersections (see Appendix ^). One dehnes an equivalence relation 
among points of M by declaring that any two points x,y ^ M are equivalent if every 
open set U\ containing either x or y contains the other too, 

X y if and only if x & Ux ^ y E U\ , 'i Ux eU . (3.4) 

Thus, two points of M are identihed if they cannot be distinguished by any ‘detector’ in 
the collection U. 

The space Pu{M) =: M/~ of equivalence classes is then given the quotient topology. 
If vr : M — Pn{M) is the natural projection, a set ?7 C Pu{M) is declared to be open if 
and only if is open in the topology of M given by U. The quotient topology is 

the hnest one making vr continuous. When M is compact, the covering U can be taken 
to be hnite so that Pu{M) will consist of a hnite number of points. If M is only locally 
compact the covering can be taken to be locally hnite and each point has a neighborhood 
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intersected by only finitely many U\ s. Then the space Pu{M) will consists of a countable 
number of points; in the terminology of Pu{M) would be a finitary approximation of 
M. If Pu{M) has N points we shall also denote it by Pn{M) |^. For example, the finite 
space given by ( |3.2|) is Pq{S^). 

In general, Pu{M) is not Hausdorff: from (|3.3| ) it is evident that in Pq{S^), for instance, 
we cannot isolate the point a from a by using open sets. It is not even a Ti-space; again, 
in Pq^S^) only the points a, b and c are closed while the points a, /3 and 7 are open. In 
general there will be points which are neither closed nor open. It can be shown, however, 
that Pu{M) is always a To-space, being, indeed, the To-quotient of M with respect to the 
topology U . 


3.2 Order and Topology 


The next thing we shall show is how the topology of any finitary Tq topological space P 
can be given equivalently by means of a partial order which makes P a partially ordered 
set (or poset for short) |^. Consider first the case when P is finite. Then, the collection 
r of open sets (the topology on P) will be closed under arbitrary unions and arbitrary 
intersections. As a consequence, for any point x G P, the intersection of all open sets 
containing it, 

A(x) =: f]{U e r : x e U} (3.5) 


will be the smallest open neighborhood containing the point. A relation P is then defined 
on P by 

X P y A{x) C A{y) , \/ x,y E P . (3.6) 

Now, X G A(x) always, so that the previous definition is equivalent to 


X Py -v^ X G A{y) , \/ x,y E P , 


(3.7) 


which can also be stated as saying that 

X Py ^ every open set containing y contains also x , \/ x,y E P , (3.8) 

or, in turn that 

xPy ^ y E {x} , (3.9) 

with {x} the closure of the one point set {x} 

From ( |3.6|) it is clear that the relation P is reflexive and transitive, 

X P X, 

X P y , y P z ^ X P z . (3.10) 

®In fact, this notation is incomplete since it does not keep track of the finite topology given on the set 
of N points. However, at least for the examples considered in these notes, the topology will be always 
given explicitly. 

Still another equivalent definition consists in saying that x < y and only if the constant sequence 
{x,x,x, ■ ■ •) converges to y. It is worth noticing that in a To-space the limit of a sequence needs not be 
unique so that the constant sequence {x, x,x,- ■ •) may converge to more than one point. 
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Furthermore, being P a Tg-space, for any two distinct points x,y E P, there is at least 
one open set containing x, say, and not y. This, together with ( |3.8|) , implies that the 
relation ^ is antisymmetric as well. 


X P y , y P X ^ X = y . 


( 3 . 11 ) 


Summing up, we get that a Tq topology on a hnite space P determines a reflexive, an¬ 
tisymmetric and transitive relation, namely a partial order on P which makes the latter 
a partially ordered set {poset) . Conversely, given a partial order ^ on the set P, one 
produces a topology on P by taking as a basis for it the hnite collection of ‘open’ sets 
dehned as 

A(a;) =: {y E P : y P x} , M x E P. (3-12) 

Thus, a subset W G P will be open if and only if is the union of sets of the form (|3.12|) , 
namely, if and only ii x E W and y P x ^ y E W. Indeed, the smallest open set 
containing W is given by 

kiW) = U A(a;) , (3.13) 

x&W 

and W is open if and only if IT = A(IF). 

The resulting topological space is clearly Tq by the antisymmetry of the order relation. 


It is easy to express the closure operation in terms of the partial order, 
the closure V{x) = {x}, of the one point set {x} is given by 


From (|3.9|) , 


V{x) =\ {y E P ■. X Py} , 'i x E P . 


( 3 . 14 ) 


A subset IF C P will be closed if and only if x G IF and x P y y E IF. Indeed, the 
closure of IF is given by 

F(IF) = U Vi^) 1 (3-15) 

x£W 

and IF is closed if and only if IF = F(IF). 


If one relaxes the condition of hniteness of the space P, there is still an equivalence 
between topology and partial order for any Tq topological space which has the additional 
property that every intersection of open sets is an open set (or equivalently, that every 
union of closet sets is a closed set), so that the sets ( p.5|) are all open and provide a basis 
for the topology |Q, |^. This would be the case if P is a hnitary approximation of a 
(locally compact) topological space M, obtained then from a locally hnite covering of M 

n 


Given two posets P, Q, it is clear that a map f : P ^ Q will be continuous if and 
only if it is order preserving, namely, if and only if x Pp y f{x) Pq /(?/); indeed, / 
is continuous if and only if preserves convergence of sequences. 

In the sequel, x -< y will indicates that x precedes y while x ^ y. 


fact, Sorkin regards as finitary only those posets P for which the sets A(a:) and V{x) defined 


in ( b.l3| ) and ( [1.14| ) respectively, are all finite. This would be the case if the poset is derived from a 
locally compact topological space with a locally finite covering consisting of bounded open sets. 
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A pictorial representation of the topology of a poset is obtained by constructing the 
associated Hasse diagram-, one arranges the points of the poset at different levels and 
connects them by using the following rules : 

1 ) if X -< y, then x is at a lower level than y; 

2 ) ii X -< y and there is no z such that x -< z -< y, then x is at the level immediately 
below y and these two points are connected by a link. 




Figure 1: The Hasse diagrams for PeiS^) and for ^ 4 ( 6 '^). 


The Fig. shows the Hasse diagram for ^6(5'^) whose basis of open sets is in (|0|) 
and for P^^S^). For the former, the partial order reads a -< a , a -< c , (3 -< a , (3 -< 
b , j -< b , j -< c. The latter is a four points approximation of obtained from a covering 
consisting of two intersecting open sets. The partial order reads Xi -< X 3 , Xi -< X 4 , X 2 -< 

X3 , X2 -< X4 . 

In that Figure, (and in general, in any Hasse diagramindexHasse diagram) the smallest 
open set containing any point x consists of all points which are below the given one x, 
and can be connected to it by a series of links. For instance, for P 4 ^{S^) we get for the 
minimal open sets the following collection, 

A(xi) = {xi} , 

A(x2) = {X 2 } , 

A(x 3) = {Xi,X2,X3} , 

A(x 4) = {Xi,X2,X4} , (3.16) 

which are a basis for the topology of P 4 (S'^). 

The generic hnitary poset P(1R) associated with the real line IR is shown in Fig. ^ The 
corresponding projection tt : IR —> P(1R) is given by 

Ui n Pi-i-i ^ Xi , ^ G ^ , 

Ui+1 \ {Ui n f/j+i [J Pi+i n Pt+2} —*■ yi, i g Z . 
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(3.17) 







A basis for the quotient topology is provided by the collection of all open sets of the form 


A(xi) = {xi} , A{yi) = {xi,yi,Xi+i} , iel . (3.18) 



Fig. ^ shows the Hasse diagram for the six-point poset of the two dimensional 

sphere, coming from a covering with four open sets, which has been derived in ||^. A 
basis for its topology is given by 


A(xi) = {xi} , A(x 2 ) = {xa} , 

A(x 3) = {Xi,X2,X3} , A(x 4) = {xi,X2,X4} , 

A(x 5) = {xi, X2, X3, X4, X5} , A(x 6) = {xi, X2, X3, X4, Xq} . 


(3.19) 


Now, the top two points are closed, the bottom two points are open and the intermediate 
ones are neither closed nor open. 


As alluded to before, posets retain some of the topological information of the space they 
approximate. For example, one can prove that for the hrst homotopy group 7ri(P/v(*S'^)) = 
Z = 7t{S^) whenever iV > 4 |^. Consider the case = 4. Elements of 7ri(P4(S'^)) are 
homotopy classes of continuous maps a : [0,1] —>• ^ 4 ( 5 *^), such that (t(0) = ct( 1). With a 
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xe 


Xi 


X2 


Figure 3: The Hasse diagram for the poset Pq{S'^). 


any real number in the open interval ]0,1[, consider the map 


a{t) = < 


if t = 0 
X 2 if 0 < t < a 

X 4 if t = a 

xi if a <t <1 

xs if t = l 


(3.20) 


Figure ^ shows this map for a = 1/2; the map can be seen to ‘winds once around’ 
P 4 {S^). Furthermore, the map a in (|3.2(]|) is manifestly continuous, being constructed in 



Figure 4: A representative of the generator of the homotopy group tti{P 4 {S^)). 


such a manner that closed (respectively open) points of are the image of closed 

(respectively open) sets of the interval [0,1] so that, automatically, the inverse image of an 
open set in P 4 {S^) is open in [0,1]. A bit of extra analysis shows that a is not contractible 
to the constant map, any such contractible map being one that skips at least one of the 
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points of Pi^S^) like the following one, 


ao{t) = < 


Xz 

if 

t 

= 0 

X2 

if 

0 

< t < a 

X4 

if 

t 

= a 

X2 

if 

a 

<t <1 

Xz 

if 

t 

= 1 


(3.21) 


which is shown in Fig. ^ for the values a = 1/2. Indeed, the not contractible map i 


in 



0,1 

a 


]o,i[, ]ii[ 



Figure 5: A representative of the trivial class in the homotopy group 7ri(P4(S'^)). 


(p. 20 |) is a generator of the group 7 ri(P 4 (S'^)) which therefore can be identihed with the 
group of integer numbers Z. 


Finally, we mention the notion of Cartesian product of posets. If P and Q are posets, 
their Cartesian product is the poset P x Q on the set {{x,y) : a; G P, t/ G Q} such that 
y) P y') in P X Q ii X P x' in P and y P y' in Q. To draw the Hasse diagram of 
P X Q, one draws the diagram of P, replace each element x of P by a copy Qx of Q and 
connects corresponding elements of Qx and Qy (by identifying Qx — Qy) if x and y are 
connected in the diagram of P. Fig. ^ shows the Hasse diagram of a poset Pi 6 (*S'^ x S^) 
obtained as P 4 (S'^) x P 4 (S'^). 


3.3 How to Recover the Space Being Approximated 

We shall now briefly describe how the topological space being approximated can be recov¬ 
ered ‘in the limit’ by considering a sequence of hner and hner coverings, the appropriated 
framework being that of inverse (or projective) systems of topological spaces 

Well, let us suppose we have a topological space M together with a sequence {Un}n&i 
of hner and hner coverings, namely of coverings such that 



Ui C r(W,+i) , 


(3.22) 
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Figure 6: The Hasse diagram for the poset Pi6(>S'^ x S^) = P4{S^) x P4{S^). 


where t{U) is the topology generated by the covering U B Here we are relaxing the 
harmless assumption made in Section 0 that each U was already a subtopology, namely 
that U = riJA). 

In Section we have associated with each covering lAi a To-topological space Pi and 
a continuous surjection 

TTi-.M^P,. (3.23) 

We now construct an inverse system of spaces Pi together with continuous maps 


Tiij : P, ^ P,- , (3.24) 

dehned whenever i < j and such that 

TTj = Tlij O 71 j . (3.25) 

These maps are uniquely dehned by the fact that the spaces Pi are Tq and the map TTj 
is continuous with respect to riUj) whenever i < j. Indeed, if U is open in Pi, then 
7ri~^\u) is open in the Wj-topology by dehnition, thus it is also open in the hner Uj- 
topology. Furthermore, uniqueness also implies the compatibility conditions 


TTj^j O TTj]^ '^ik 1 


(3.26) 


whenever i < j < k^. Notice that from the surjectivity of the maps vTj and relation 
( |3.25|) , it follows that all maps TTjj are surjective. 


^^For more general situations, such as the system of all finite open covers of M, this is not enough and 
one needs to consider a directed collection {Ui}i^A of open covers of M, where directed just means that 
for any two coverings Ui and U2 , there exists a third cover U3 such that Ui,U2 C t(Z^ 3). The construction 
of the remaining part of the section applies to this more general situation if one defines a partial order 
on the ‘set of indices’ A by declaring that i < k Ui C riUj) . 

^^In fact, the map is the solution (by definition then unique) of an universal problem of maps 
relating To-spaces 
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The inverse system of topological spaces and continuous maps {-Pj, TTjjjjjgN has a unique 
inverse limit , namely a topological space Poo, together with continuous maps 




(3.27) 


such that 


TT^j O TTjoo '^ioo , (3.28) 

whenever i < j. The space Poo and the maps Tiij can be explicitly construct. An element 
X G Poo is an arbitrary coherent sequence of elements Xi ^ Pi, 


X = (xi)i 6 N , Xi e Pi : 3 Nq s.t. Xi = 7ii^i+i{xi+i) , W i> Nq . (3.29) 

As for the map vTioo, it is just dehned by 


^ioo(^) 


(3.30) 


The space Pjoo is made a Tq topological space by endowing it with the weakest topology 
making all maps vTjoo continuous: a basis for it is given by the sets 'xlac^\u), for all open 
sets U G Pi- The inverse system and its limit are depicted in Fig. 

It turns out that the limit space Poo is bigger than the starting M and the latter is 
contained as a dense subspace. Furthermore, M can be characterized as the set of all 
closed points of Pjoo- Let us hrst observe that we also get a unique (by universality) 
continuous map 

TToo : M ^ Poo , (3.31) 

which satishes 

TTj = TTioo O TToo , V Z G IN . (3.32) 


The map tToo is the ‘limit’ of the maps tt*. However, while the latter are surjective, under 
mild hypothesis the former turns out to be injective. We have indeed the following two 
propositions . 


Proposition 3.1 

The image 7ioo{M) is dense in Poo. 


Proof. If P C Poo is any nonempty open set, by the definition of the topology of Poo, U 
is the union of sets of the form TTlf^\Ui), with Ui open in Pj. Choose Xi G Ui. Since tt* 
is surjective, there is at least a point m G M, for which 7ii{m) = Xi and let 7roo(m) = x. 
Then 7ri^{m) = 'Ki^{'K^){m) = Xj, from which x G 7rijf^\xi) C vr,^^^^(P) C U. This 
proves that 7 roo(M) fl IF 7 ^ 0, namely that 7ioo{M) is dense. 


□ 



M 


'^OQ 


Pr. 



Figure 7: The inverse system. 


Proposition 3.2 

Let M be Tq and the collection {Ui} of coverings he such that for every m E M and 
every neighborhood N 3 m, there exists an index i and an element U G r(7/j) such that 
m E U C TV. Then, the map tToo is injective. 

Proof. If mi, m 2 are two distinct points of M, since the latter is Tq, there is an open set 
V containing mi (say) and not m 2 . By hypothesis, there exists an index i and an open 
P E T{Ui) such that mi E U C V. Therefore r(7/j) distinguishes mi from m 2 . Since Pi 
is the corresponding Tq quotient, 7 rj(mi) 7 ^ 7ri{m2). Then 7 rjoo( 7 roo(mi)) 7 ^ 7 rioo( 7 roo(m 2 )), 
and in turn 7 roo(mi) 7 ^ 7ioo{m2). 


□ 

We remark that in a sense, the second condition in the previous proposition just say that 
the covering Ui contains ‘enough small open sets’, a condition one would expect in the 
process of recovering M by a rehnement of the coverings. 
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As alluded to before, there is a nice characterization of the points of M (or better 
of iTaoiM)) as the set all all closed points of Poo- We have indeed a further Proposition, 
whose easy but long proof is given in , 


Proposition 3.3 

Let M he Ti and let the collection {Ui} of coverings fulfill the fineness ’ condition of Propo¬ 
sition 1^. Let each covering Ui consists only of sets which are hounded (have compact 
closure). Then tToo : M —> Poo embeds M in Poo as the suhspace of closed points. 


□ 

We remark that the additional requirement on the element of each covering is automati¬ 
cally fulhlled if M is compact. 

As for the extra points of Poo, one can prove that for any extra y G Poo, there exists an 
X G 71oo{M) to which y is ‘inhnitely close’. Indeed, Poo can be made a poset by dehning 
a partial order relation as follows 

X fiiocV ^ XiPyi , Vi, (3.33) 

where the coherent sequences x = (xi) and y = (j/j) are any two elements of Poo B Then 
one can characterize 7ioo{.M) as the set of maximal elements o/Poo, with respect to the 
order Poo- Given any such maximal element x, the points of Poo which are inhnitely closed 
to X are all (non maximal) points which converge to x, namely all (non maximal) y G Poo 
such that y Poo x. In Poo, these points y cannot be separated from the corresponding x. 
By identifying points in Poo which cannot be separated one recovers M. The interpretation 
that emerges is that the top points of a poset P{M) (which are always closed) approximate 
the points of M and give all of M in the limit. The role of the remaining points is to 
‘glue’ the top points together so as to produce a topologically nontrivial approximation 
to M. They also give the extra points in the limit. 

Fig. 1^ shows the 2A^-poset approximation to obtained with a covering consisting 
of N open sets. In Fig. ^ we have the associated inverse system of posets. As seen in 
that hgure, by going from one level to the next one, only one of the bottom points x is 
‘split’ in three {xq, Xi, Xi} while the other are not changed. The projection from one level 
to the previous one is the map which sends the triple {xo,xi,xi} to the parent x while 
acting as the identity on the remaining points. The projection is easily seen to be order 
preserving (and then continuous). As in the general case, the limit space Poo consists 
of together with extra points. These extra points come in couples anyone of which 
is ‘glued’ (in the sense of being inhnitely closed) to a point in a numerable collection of 
points. This collection is dense in and could be taken as the collection of all points of 
the form {m/2"' , m,n & IT} of the interval [0,1] with endpoints identihed. 

fact, one could directly construct Poo as t he inv erse limit of an inverse system of posets by defining 
a partial order on the coherent sequences as in (^.33). 
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3^Af+l Xn+2 Xn+3 X2N 



In [0 a somewhat different interpretation of the approximation and of the limiting 
procedure in terms of simplicial decompositions has been proposed. 


3.4 Noncommutative Lattices 


It turns out that any (finite) poset P is the structure space A (space of irreducible 
representations, see Section p.3|) of a noncommutative C*-algebra A of operator valued 
functions which then plays the role of the algebra of continuous functions on P 1^. Indeed, 
there is a complete classihcation of all separable Q C*-algebras with a hnite dual ^ . Given 
any hnite To-space P, it is possible to construct a G*-algebra A{P, d) of operators on a 
separable Hilbert space 7d(P, d) which satishes A{P, d) = P. Here d is a function on 
P with values in IN U cx) which is called defector. Thus there is more than one algebra 
with the same structure space. We refer to ^ (see also |^) for the actual construction 
of the algebras together with extensions to countable posets. We shall instead describe a 
more general class of algebras, namely approximately hnite dimensional ones, a subclass of 
which is associated with posets. As the name suggests, these algebras can be approximated 
by hnite dimensional algebras, a fact which has been used in the construction of physical 
models on posets as we shall describe in Section 0. They are also useful in the analysis 
of the P-theory of posets as we shall see in Section 


Before we proceed, we mention that if a separable G*-algebra has a hnite dual than 
it is postliminar 0 . From Section p.4| we know that for any such algebra A, irreducible 
representations are completely characterized by their kernels so that the structure space A 

is worth noticing that, a poset P being non Hausdorff, there cannot be ‘enough’ C-valued continuous 
functions on P since the latter separate points. For instance, on the poset of Fig. ^ or Fig. ^ the only 
C-valued continuous functions are the constant ones. In fact, the previous statement is true for each 
connected component of any poset. 

^®Recall that a C*-algebra A is called separable if it admits a countable subset which is dense in the 
norm topology of A. 

^^Much as in the previous footnote, a Hilbert space Ti. is called separable if it admits a countable basis. 
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is homeomorphic with the space PrimA of primitive ideals. As we shall see momentarily, 
the Jacobson topology on PrimA is equivalent to the partial order dehned by inclusion 
of ideals. This fact in a sense ‘closes a circle’ making any poset, when thought of as the 
PrimA space of a noncommutative algebra, a truly noncommutative space or, rather, a 
noncommutative lattice. 


3.4.1 The space PrimA as a Poset 


Recall that in Section p.3.1| we introduced the natural To-topology (the Jacobson topology) 
on the space PrimA of primitive ideals of a noncommutative C^-algebra A. In particular, 
from Prop. |2.6| , we have that given any subset W of PrimA, 

(3.34) 


W is closed X eW and X X J J . 
Now, a partial order ^ is naturally introduced on PrimA by inclusion, 

Xi PX 2 Ti C X 2 , V Xi,X 2 G PrimA . 


(3.35) 


From what we said after (|3.14|) , given any subset W of the topological space [PrimA, ^), 


W is closed J G IF and X < J J & W , (3.36) 

which is just the partial order reading of (|3.34|) . We infer that on PrimA the Jacobson 
topology and the partial order topology can be identihed. 


3.4.2 AF-Algebras 

In this section we shall describe approximately hnite dimensional algebras using mainly 
||12|| . A general algebra of this sort may have a rather complicated ideal structure and 
a complicated primitive ideal structure. As alluded to before, for applications to posets 
only a special subclass is selected. 

Definition 3.1 

A C*-algebra A is said to be approximately finite dimensional (AF) if there exists an 
increasing seguence 

Ao^ Ai^ A2^ ■■■ An^--- (3.37) 

of finite dimensional C*-subalgebras of A, such that A is the norm closure o/Un = 

u:x. The maps In are injective *-morphisms. 

O 
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102 


The algebra A is the inductive (or direct) limit of the sequence {An, -fnjnsN 
set, Un“^n is made of coherent sequences, 

IJ An {n (®n)n£N ) ^ An \ 3A^o • ®n+l -fn(®n) Tl ^ iVQj-. 

n 


. As a 


(3.38) 


Now the sequence (||an|U„)neN is eventually decreasing since ||a„+i|| < ||a„|| (the maps 
In are norm decreasing) and therefore convergent. One writes for the norm on A, 


(®n)nSN|| lim ||cin||^„ 


(3.39) 


Since the maps are injective, the expression ( p.39| ) gives a true norm directly and not 

So, the 

im. 


simply a seminorm and there is no need to quotient out the zero norm elements, 
algebra A is the inductive (or direct) limit (Jn of tho sequence {An 


Ml, In 


tt-GN 


We shall assume that the algebra A has a unit E. If A and An are as before, then An + CE 
is clearly a finite dimensional 0*-subalgebras of A and An C An + CE C An+i + CE. We 
may thus assume that each An contains the unit E of ^ and that the maps are unital. 


Example 3.1 

Let H be an infinite dimensional (separable) Hilbert space. The algebra 


A = 1C{H) + CE 


H 


(3.40) 


with ]C{'H) the algebra of compact operators, is an AF-algebra ||^. The approximating 
algebras are given by 

A = 1M„(C)©C, n>0, (3.41) 


with embedding 


1M„(C)©C3(A,A)^ (^1 Q ° |,A^ g1M„+i(C)©C. (3.42) 


Indeed, let {^njnsN be an orthonormal basis in H and let Hn be the subspace generated 
by the first n basis elements, With Vn the orthogonal projection onto Tin, 

define 


An = {Tel 3 (n) : T(E-iP„) = (E-PO^^e C(E-K)} 

~ H(lfn)©C~lM,(C)©C. (3.43) 

Then An embeds in An+i as in (|3.42|) . Since each T G An is a sum of a finite rank 
operator and a multiple of the identity, one has that An ^ A = fCiTL) + CE-^ and, in 
turn, Un ^ A = IC{H) + CE-^. Conversely, since finite rank operators are norm dense 
in KAj-i), and finite linear combinations of strings ^i, • • •, are dense in H, one gets that 
IC{H) + CE-^ C UnAln- 
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The algebra ( 3.40 ) has only two irreducible representations 


TTi : A —> &(?{) , a = (k -h AE-^) h->■ 7ri(a) = a , 
tt2 : A —> 'B(C) — C , a = {k + AE-^) h- ^ 7r2(a) = A , 

with Ai, A2 G C and k G )C{H). The corresponding kernels are 

Ti =: ker{ni) = { 0 } , 

I 2 =: ker{'K2) = IC{H) . 


(3.44) 


(3.45) 


The partial order given by the inclusions Xi C I 2 produces the two points poset shown in 
Fig. 0. As we shall see, this space is really the fundamental building block for all posets. 



Figure 10 : 


The two point poset of the interval. 


A comparison with the poset of the line in Fig. shows that it can be thought of as a 
two points approximation of an interval. 


A 

In general, each subalgebra An, being a hnite dimensional A*-algebra, is a direct sum 
of matrix algebras, 

^ IM^(n) (C) , (3.46) 

k=i 

where Mrf(C) is the algebra of d x d matrices with complex coefficients. In order to 
study the embedding Ai ^ A 2 of any two such algebras Ai = 0 ”=! M^p) (C) and A 2 = 

1 M^( 2 )(C), it is useful the following proposition p.02||. 

Proposition 3.4 

Let A and B be the direct sum of two matrix algebras, 

A = lMp,(C) © lMp,(C) , B = 1M,,(C) © lMg2(C) . (3.47) 

Then, any (unital) morphism a : A^ B can be written as the direct sum of the represen¬ 
tations aj ■. A ^ (C) ~ i3((D®), j = 1, 2. Ifnji is the unique irreducible representation 
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o/Mp. (C) in then aj breaks into a direct sum of the with multiplicity Nji, the 

latter being non-negative integers. 


Proof. This proposition just says that, by suppressing the symbols and modulo a 
change of basis, the morphism a : ^ ^ is of the form 

A0 g 1-^ 4 0 • y 0 A ® B 0 • y 0 B ^ A 0 • y 0 A ® B 0 • y 0 g , (3.48) 

TVii A^12 A^21 ^22 

with A^BeA. Moreover, the dimensions (pi,P 2 ) and {qi,q 2 ) are related by 

Nupi 0 N 12 P 2 = qi , 

N 21 P 1 + N 22 P 2 = q2 ■ (3.49) 


□ 

Given a unital embedding Ai ^ A 2 of the algebras Ai = 0"ii (C) and A 2 = 
1 Mj(2 )(C), by using Proposition one can always choose suitable bases in Ai and 
A 2 in such a manner to identify Ai with a subalgebra of A 2 of the following form 

712/711 \ 

©iVi,lNV>(C) . (3.50) 

Vj=i " / 

Here, with any two nonnegative integers p, q, the symbol plMq(C) stands for 


plMg(C) ~ IMg(C) 0(p Ep , (3.51) 

and one identihes A^fcjlM^(i)(C) with a subalgebra of 1M^(2 )(C). The nonnegative 
integers satisfies the condition 

ni 

= 42). (3.52) 

1=1 


One says that the algebra lM^(i)(C) is partially embedded indexpartial embedding in 

^3 

M ( 2 )(C) with multiplicity Nkj. A useful way to represent the algebras Ai, A 2 and the 
embedding Ai ^ A 2 is by means of a diagram, the Bratteli diagram B. which can be 
constructed out of the dimensions , j = 1, ... ,ni and 4 ^^ > fc = 1, ..., 77 . 2 , of the 
diagonal blocks of the two algebras and of the numbers Nkj that describe the partial em¬ 
beddings. One draws two horizontal rows of vertices, the top (bottom) ones representing 
Ai {A 2 ) and consisting of ni ( 77 , 2 ) vertices, one for each block, labeled by the corresponding 
dimensions ■ ■ • > 4V • • •; 4 ^ 2 ^)- Then, for each j = 1,..., 77i and k = 1,..., 772 , 
one has a relation d^ d^^^ to denote the fact that IM^(i) (C) is embedded in 1 M^( 2 ) (C) 

with multiplicity Nkj. 
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For any AF-algebra A one repeats the procednre for each level so obtaining a semi- 
inhnite diagram denoted by ^^{A) which completely dehnes A np to isomorphism. The 
diagram 'D(A) depends not only on A bnt also on the particular sequence {^njnsN which 
generate A. However, one can obtain an algorithm which allows one to construct from 
a given diagram all diagrams which dehne AF-algebras which are isomorphic with the 
original one H- The problem of identifying the limit algebra or of determining whether 
or not two such limits are isomorphic can be very subtle. Elliot has devised a complete 
invariant for AF-algebras in terms of the corresponding K theory which distinguishes 
among them (see also |^^). We shall elaborate a bit on this in Section [4.4| . It is worth 
remarking that the isomorphism class on an AF-algebra IJn depends not only on the 
An but also on the way they are embedded into each other. 


Any AF-algebra is clearly separable but the converse is not true. Indeed, one can prove 
that a separable C^-algebra A is an AF-algebra if and only if and it has the following 
approximation property: for each hnite set {ai,...,a„} of elements of A and £ > 0 , 
there exists a hnite dimensional C^-algebra B A and elements bi,... ,bn ^ B such that 
\\ak - bk\\ < e ,k = ■ ,n . 

Given a set V of ordered pairs (n, fc), = 1, • ■ •, /c„ , n = 0,1, • • •, with ko = 1, and a 
sequence of relations on V, the latter is the diagram 'D{A) of an AF-algebras 

when the following conditions are satished. 


(i) If (n, k), (m, q) E T> and m = n -|- 1, there exists one and only one nonnegative (or 
equivalently, at most a positive) integer p such that (n, k) {n + l,q). 

(ii) If m 7 ^ n -|- 1 not such integer exists. 

(hi) If (n, k) E V there exists q E {1, • • •, and a nonnegative integer p such that 

(n, fc) {n + l,g). 

(iv) If (n, k) eV and n > 0, there exists q E {1, ■ ■ •, Un-i} and a nonnegative integer p 
such that (n — 1, g) (n, k). 


It is easy to see that the diagram of a given AF-algebra satishes the previous condi¬ 
tions. Conversely, if the set V of ordered pairs satishes these properties, one constructs 
by induction a sequence of hnite dimensional G*-algebras {XnjneN and of injective mor- 
phisms In : An —> An+i in such a manner that the inductive limit {A^ X}neN will have 
diagram V. Explicitly, one dehnes 

An= 0 lM^w(C) = 01M^w(C) , (3.53) 

fc;(n,fc)el> k=l 

and morphisms 


jn ^n+1 

In ■ 01M^(„)(C) -^ 0 IVI^(n+l)(C) , 

j=i ^ k=i 


Ai © • • • © A,' 


^fLiNijAj) 0 ■ ■ ■ 0(©j=iA^fc„+uAj) , 


(3.54) 
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where the integers N^j are such that (n, j) \J^^j (n + 1, fc) and we have used the notation 
(|3.51|) . Notice that the dimension of the factor M^(™+i)(C) is not arbitrary but it 

is determined by a relation like (|3.52|) , namely = Z]j=i 


Example 3.2 

An AF-algebra A is abelian if and only if all factors lM^{n)(C) are one dimensional, 

k 

M (n) (C) ~ C. Thus the corresponding diagram V has the property that for each {n, k) G 
V,n > 0, there is exactly one (n — 1, j) G V such that (n — 1, j) (n, k). 


A 


There is a very nice characterization of commutative AF-algebras and of their primitive 


spectra 13 


Proposition 3.5 

Let A be a eommutative C*-algebra with unit I. Then the following statements are eguiv- 
alent. 


(i) The algebra A is AF. 

(a) The algebra A is generated in the norm topology by a seguence of projectors {Vi}, 
with Xo = X. 

(Hi) The space PrimA is a second-countable, totally disconnected, compact Hausdorff 
space 


Proof. The equivalence of (i) and {ii) is clear. To prove that {Hi) implies {ii), let X 
be a second-countable, totally disconnected, compact Hausdorff space. Then X has a 
countable basis [Xn] of open-closed sets. Let Vn be the characteristic function of Xn- 
The *-algebra generated by the projector [Vn] is dense in C{X): since PrimC{X) = X, 
{Hi) implies {ii). The converse, that {ii) implies {Hi), follows from the fact that projectors 
in a commutative A*-algebra correspond to open-closed subset in its primitive spaces. 


□ 


Example 3.3 

Let us consider the subalgebra A of the algebra B{TC) of bounded operators on an infinite 
dimensional (separable) Hilbert space Tl = TLi © 7^2, given in the following manner. Let 

^®We recall that a topological space is called totally disconnected if the connected component of each 
point consists only of the point itself. Also, a topological space is called second-countable is it admits a 
countable basis of open sets. 
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Vj be the projection operators on Tij , j = 1, 2 and fC{Ti) the algebra of compact operators 
on Ti. Then, the algebra A is 

= (CVi + IC{n) + CP 2 . (3.55) 

The use of the symbol is due to the fact that, as we shall see below, this algebra is 
associated with any part of the poset of the line in Fig. ^ of the form 

y = {yi_i,Xi,yi} , (3.56) 

in the sense that this poset is identihed with the space of primitive ideals of The 
C*-algebra (|3.55|) can be obtained as the direct limit of the following sequence of hnite 
dimensional algebras: 

Ao = IMi(C) 

Ai = IMi(C) ©IMi(C) 

A 2 = IMi(C) © 1M2(C) © IMi(C) 

^3 = IMi(C) © 1M4(C) © IMi(C) 


A = IMi(C) © 1M2„_2(C) © 1 Mi(C) 


where, for n > 1, An is embedded in An+i as follows 

lMi(C)©lM2n_2((C)©lMi(C) 

IMi(C) © (IMi(C) © lM2n_2((D) © IMi(C)) © IMi(C) 


(3.57) 


A, 0 0 

0 B(2n-2)x(2n-2) 0 

0 0 A 2 


Ai 0 0 0 0 

0 Ai 0 0 0 

0 0 i?{2n-2)x(2n-2) 0 0 

0 0 0 A 2 0 

0 0 0 0 A 2 


The corresponding Bratteli diagram is in Fig. O. 

The algebra ( 3.55|) has three irreducible representations. 


TTi : A\j — I3(T~C) , a, — (AiT^i k X 2 B 2 ) '—^ 7ri(o) — o > 

7^2 '■ Ay —i3(C) — C , a = (AiT^i -\- k -\- X 2 'P 2 ) 7i’2(®) = Ai , 

TTs : Ay —^ i3(C) ~ C , a = (AiPi + k + X 2 V 2 ) ^ T^sia) = X 2 , 


with Ai, A 2 € C and k G /C(7-f). The corresponding kernels are 


Ti = {0} , 

1 2 = ICiH) + €V 2 , 

13 = €Vi + ICiH) . 


(3.58) 


(3.59) 


(3.60) 


39 












1 



Figure 11: The Bratteli diagram of the algebra Ay. The labels indicate the dimension of the corre¬ 
sponding matrix algebras. 


The partial order given by the inclusions Xi C X 2 and Xi C X 3 (which, as shown in 
Section |3.4.1| is an equivalent way to provide the Jacobson topology) produces a topological 
space Prim Ay which is just the V poset in (|3.56|). 


A 


3.4.3 From Bratteli Diagrams to Noncommutative Lattices 

From the Bratteli diagram of an AF-algebra A one can also obtain the (norm closed 
two-sided) ideals of the latter and determine which ones are primitive. On the set of such 
ideals the topology is then given by constructing a poset whose partial order is provided 
by inclusion of ideals. Therefore, both Prim{A) and its topology can be determined from 
the Bratteli diagram of A. This is possible thanks to the following results by Bratteli 

HI. 


Proposition 3.6 

Let A = he any AF-algebra with associated Bratteli diagram V{A). Let X be an 

ideal of A. Then X has the form 

00 

X = U ©fc;(n,fc)eAi 1 M^(„)(C) (3.61) 

1 

n=l 

with the subset Aj C P{A) satisfying the following two properties: 
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i) if (n, k) G Aj and {n, k) \p {n + l,j) ,p> 0, then {n + 1, j) belongs to Aj; 

ii) if all factors (n+ 1, j) , j = 1,... in which (n, k) is partially embedded belong 

to Ax, then (n, k) belongs to Aj. 

Conversely, if A C T>{A) satisfies properties {i) and {ii) above, then the subset Xa of 
A defined by ( \3. 6]\ ) (with A substituted for Ax) is an ideal in A such that XnXl„ = 
©fc;(n,A:)eAi ( C) . 

□ 

Proposition 3.7 

Let A = \Jn^n, IC X be an ideal of A and let Ax C 'L>{A) be the associated subdiagram. 
Then the following conditions are eguivalent 

(i) The ideal X is primitive. 

(ii) There does not exist two ideals Xi,X 2 G A such that Xi ^ X ^ I 2 and X = Xi fl X 2 . 

(Hi) If {n,k), {m,q) ^ Ax, there exists an integer p >n,m and a couple {p,r) ^ Aj such 
that M (n)(C) and M (m)(C) are both partially embedded in M (p)((D) (equivalently, 

CLq d-p 

there are two sequences along the diagram X){A) starting at the points (n, k) and 
{m,q) both ending at the point {p,r)). 


□ 

We recall that the whole A is an ideal which, by dehnition, is not primitive since the trivial 
representation Xl ^ 0 is not irreducible. Furthermore, the ideal {0} C Xl is primitive if 
and only if A is primitive, namely it has an irreducible faithful representation. This fact 
can also be inferred from the Bratteli diagram. Now, the ideal {0}, being represented 
by the element 0 G An at each level Q, is not associated with any subdiagram of 'D{A). 
Therefore, to check if {0} is primitive we have the following corollary of Proposition |3.7| . 

Proposition 3.8 

Let A= [Jnhtn- Then the following conditions are equivalent. 

(i) The algebra A is primitive (namely the ideal { 0 } is primitive). 

(ii) There does not exist two ideals in A different from { 0 } whose intersection is { 0 }. 

(Hi) If {n,k),{m,q) G X{A), there exists an integer p > n,m and a couple {p,r) G 
X){A) such that M m((D) and M (m)((D) are both partially embedded in M (p)(C) 

d^ dq dp 

(equivalently, any two points of the diagram X){A) can be connected to a single point 
at a later level of the diagram). 

fact, the equivalence of {i) and (ii) is true for any separable C*-algebra |3^ 

^°In fact one could think of A{o} as being the empty set. 


41 










(a) ( 6 ) 

Figure 12: The three ideals of the algebra ^v 


□ 


For instance, from the diagram of Fig. H we infer 
primitive, namely the ideal { 0 } is primitive. 


that the corresponding algebra is 


Example 3.4 

As a simple example, consider the diagram of Fig. 0 . The corresponding AF-algebra 
in (|3.55|) contains only three nontrivial ideals, whose diagrammatic representation is in 
Fig. In this pictures the points belonging to the same ideal are marked with a It 
is not difficult to check that only and X 3 are primitive ideals, since does not satisfy 
property [iii) above. Now Xi = {0} is an ideal which clearly belongs to both X 2 and X 3 so 
that Prim{A) is any V part of Fig. of the form V = {yi-i,Xi,yi}. From the diagram 
of Figure 0 one immediately obtains 

I2 = + ic{n ), 

Xi = Cll^^ + JC{n) , (3.62) 


being an inhnite dimensional Hilbert space. Thus, X 2 and X 3 can be identihed with the 
corresponding ideals of given in (|3.60| ). As for Xjc, from Figure 0 one gets lie = lC{7i) 
which is not a primitive ideal of ^v 


A 
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3.4.4 From Noncommutative Lattices to Bratteli Diagrams 


Bratteli [|^] has also a reverse procedure which allows one to construct an AF-algebra 
(or rather its Bratteli diagram T>{A)) whose primitive ideal space is a given (hnitary, 
noncommutative) lattice P. We shall briefly describe this procedure while referring to 
|4^ , |45[| for more details and several examples. 

Proposition 3.9 

Let P be a topological space with the following properties, 

(i) The space P is Tq. 

(a) If F C P is a closed set which is not the union of two proper closed subset, then F 
is the closure of a one-point set. 

(in) The space P contains at most a countable number of closed sets. 

(iv) If {Fn}n is a decreasing (Fn+i C Fn) seguence of closed subsets of P, then fln-^n is 
an element in {Fn}n- 

Then, there exists an AF algebra A whose primitive space PrimA is homeomorphic to P. 


Proof. The proof consists in constructing explicitly the Bratteli diagram P{A) of the 
algebra A. We shall sketch the main passages while referring to |]^ for more details. 


Let {Kq, Ki, K 2 , ...} be the collection of all closed sets in the lattice P, with Kq = P. 


Consider the subcollection /C„ = {Kq, Ki,..., Kn} and let K.'^ be the smallest collec¬ 
tion of (closed) sets in P containing /C„ which is closed under union and intersection. 

Consider the algebra of sets generated by the collection /C„. Then, the minimal sets 
yn = {Fn(l), W(2),..., Ynikn)} of the algebra form a partition of P. 


Let FnU) be the smallest set in the subcollection which contains Yn(j). Define 

IFn = {-^n(l), Tk(2), . . . , Fn{kn)}. 


As a consequence of the assumptions in the propositions one has that 

Ynik) C F^{k) , (3.63) 

2 i'\y 0 recall that a non empty collection R of subsets of a set X is called an algebra if R is closed 
under the operation of union, namely E,F€R^EUFgR and the operation of complement, namely 
E G R^ E^ =: X\E e R. 
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U^n(fc) = P, (3.64) 

k 

[}Fn{k)=P, (3.65) 

k 

Yn{k) = Fn{k) \ U {Fn{p) \ Fn{p) C Fn{k)} , (3.66) 

p^k 

Fn{k) = \J{Fn+l{p) I Fn+l{p) C Fn{k)} , (3.67) 

p 


If F G P is closed , 3 n > 0 , s.t. Fn{k) = [J{F„(p) | F„(p) C F} . (3.68) 


The diagram ViA) is constructed as follows. 


1 . The n-th level ofV{A) has kn points, one for each set Yn{k), k = 1 , ■ • •, /c„. 

Thus T>{A) is the set of all ordered pairs {n,k) , k = 1,kn ,n = 0,1, ■■ ■■ 

2. The point corresponding to Yn{k) at the level n of the diagram is linked to the point 
corresponding to Fn+i(j) at the level n + 1, if and only ifYn{k) ft Fn+i{i) ^ 0. The 
multiplicity of the embedding is always 1. 

Thus, the partial embeddings of the diagram are given by 

{n,k) \P (n + l,j), with 

p = 1 if Yn{k) n Fn+i{j) 7 ^ 0 , 
p = 0 otherwise . (3.69) 

That the diagram FiA) is really the diagram of an AF algebra A, namely that conditions 
(i) — (iv) of page ^ are satisfied, follows from conditions ( p.63| )-( ^I^) above. 

Before we proceed, recall from Proposition (|2.5|) that there is a bijective correspondence 
between ideals in a C^-algebra and closed sets in PrimA, the correspondence being given 
by (|2.33|) . We shall then construct a similar correspondence between closed subsets F G P 
and the ideals Ip in the AF-algebra A with subdiagram Ap G F[A). Given then, a closed 
subset F G P, from ( p. 68 |) , there exists an m such that F C Define 

(Af)„ = {(n, k) \ n>m , Yn{k) n F = 0} . (3.70) 


By using (|3.66|) one proves that conditions (i) and (ii) of Proposition are satisfied. 
As a consequence, if Aj? is the smallest subdiagram corresponding to an ideal Ip, namely 
satisfying conditions (i) and (ii) of Proposition |^, which also contains (Ai 7 ’)„, one has 
that 

{Ap)n = Ap n{(’^, k) I (n, k) e V(A), n>m}, (3.71) 


which, in turn, implies that the mapping F Ap ^ Ip is injective. 

To show surjectivity, let I be an ideal in A with associated subdiagram Aj. Define 


Fn = P \ \J{Yn{k) I 3(n - l,p) e Ai , (n - l,p) Ai} , n = 0 , 1 ,... . (3.72) 

k 
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Then {Fn}n is a decreasing sequence of closet sets in P. By assumption (iv), there exists 
an m such that = fin By defining F = Fn, one has Fn = F ior n > m and 

\ n>m} =: {AF)m ■ (3.73) 

Thus, Ax = Ap and the mapping P i—^ Xp is surjective. 

Finally, from definition it follows that 


7^1 ^ F 2 


^Fi 5 If2 


(3.74) 


For any point a; G P, the closure {x} is not the union of two proper closed subset. From 
(|3.74|) , the corresponding ideal is not the intersection of two ideals different from 
itself, thus it is primitive (see Proposition |3.7|) . Conversely, if Xp is primitive, it is not 
the intersection of two ideals different from itself, thus from ( |3.74 ) P is not the union of 
two proper closed subsets, and from assumption {ii), it is the closure of a one-point set. 
We have then proved that the ideal Xp is primitive if and only if P is the closure of a 
one-point set. 

By taking into account the bijection between closed sets of the space P and ideals of the 
algebra A and the corresponding bijection between of closed sets of the space PrimA and 
ideals of the algebra A, we see that the bijection between P and PrimA which associates 
to any point of P the corresponding primitive ideal, is a homeomorphism. 


□ 

We know that different algebras could give the same space of primitive ideals (see the 
notion of strong Morita equivalence in Section 0). It may happen that by changing the 
order in which the closed sets of P are taken in the construction of the previous propo¬ 
sition, one produces different algebras, all of which having the same space of primitive 
ideals though, so all producing spaces which are homeomorphic to the starting P (any 
two of these spaces being, a fortiori, homeomorphic). 

Example 3.5 

As a simple example, consider again the lattice, V = {Vi-i^Xi^yi} = {x 2 ,Xi,X 3 }. This 
topological space contains four closed sets: 

Kq = {x 2 , xi, X 3 } , Ki = {X 2 ] , K 2 = {X 3 } , P 3 = {x2, X 3 } = K 1 UK 2 . (3.75) 
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Figure 13: The Bratteli diagram associated with the poset V; the label nk stands for Yn{k). 


Thus, it is not difficult to check that: 


{^ 0 } 

K = {Ko} 

Ko(l) = {Xi,X2,X3} 

Foil) = Ko 

{Ko,Ki} 


n(l) = {X2} 

Fiil)=Ki 



Ki(2) = pi, 1 - 3 } 

Fii2)=Ko 

{Ko,Ki,K2} 

/C' 

U(l) = P 2 } 

^2(1) = Ki 



U( 2 ) = p,} 

F2i2) = Ko 



P(3) = { 13 } 

F2(3) = K 2 

{Ko,Ki,K2,Ks} 

lC'^ = {Kii,Ki,K2,K^} 

P(l) = P 2 } 

Fsil) = Ki 



P(2) = Pi} 

F3i2) = Ko 



P(3) = { 2 : 3 } 

F3{2) = K 2 




(3.76) 


Since V has only a hnite number of points (three) and hence a hnite number of closed 
sets (four), the partition of V repeats itself after the third level. Fig. shows the 
corresponding diagram, obtained through rules (1.) and (2.) in Proposition |3.9| above. By 
using the fact that the hrst matrix algebra is C and the fact that all the embeddings 
have multiplicity one, the diagram of Fig. |T^ is seen to coincide with the diagram of 
Fig. g. As we have said previously, the latter corresponds to the AF-algebra = 

CPi + 1C{H) + CPa , 71 = Hi® H 2 . 


A 


Example 3.6 

Another interesting example is provided by the lattice P 4 ,{S^) for the one-dimensional 
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sphere in Fig. |I|. This topological space contains six closed sets: 

Kq = {xi,X2,Xs,Xi} = {xi,X3,X4} ,K2 = {Xg} , K3 = {x^} , 

K5 = {X2, X3, 2:4} , Kq = {X3,2:4} = K2UK3 . ( 3 . 77 ) 


Thus, one hnds, 


/Co = {Ko} 

}C, = {Ko,K,} 


K = {^ 0 } 


/C2 = {AAi, 
/C3 = {AAi, 
/C4={AAi, 
/C5 = {AAi, 

A} 

A, A} 

A, A, A} 

A, A, A, A} 

/C '2 = {A,A, 
A = {A,A, 
A = {A,A, 
A = {A,A, 

A} 

A, A, A} 
A,A,A,- 
A,A,A,. 

lo(l) = {a^i, 2 : 2 , 2 : 3 , 2 : 4 } 

A(i) = A 


Yi(l) = {2;i,2;3,2;4} Yi(2) = {xs} 

Fi(l) = A 

A(2) = A 

1^2(1) = {0:3} ¥2(2) = {X 2 } 

1^2(3) = { 2 : 1 , X 4 } 

A(i) = A 

A(3) = A 

A( 2 ) = A 

n(i) = {13} 
13(3) = {3^1} 

^3(2) = {12} 

n(4) = {14} 

P3(l) = A 
P3(3) = A 

A(2) = A 
A(4) = A 

n(i) = {13} 

4-4(3) = {ii} 

4-4(2) = {12} 

4-1(4) = {14} 

P4(l) = A 
A(3) = A 

P4(2) = A 
A(4) = A 

n(i) = {13} 

n(3) = {ii} 

n(2) = {12} 
n(4) = {14} 

A(i) = A 

A(3) = A 

A(2) = A 
A(4) = A 


(3.78) 


Since there is a hnite number of points (four) and hence a hnite number of closed sets (six), 
the partition of P 4 (S'^) repeats itself after the fourth level. The corresponding Bratteli 
diagram is in Fig. |^. The ideal {0} is not primitive. The algebra is given by 

Ao = IMi(C) 

A = IMi(C) ©IMi(C) 

A = IMi(C) © 1M2(C) © IMi(C) 

A = IMi(C) © 1M4(C) © 1M2(C) © IMi(C) 

A = IMi(C) © 1M6(C) © 1M4(C) © IMi(C) 
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Figure 14: The Bratteli diagram for the circle poset -P4(5'^) . 


An = Mi(C) © M2n-2((D) © M2„-4((C) © ]Mi(C) 


where, for n > 2, An is embedded in An+i as follows 


r 



Ai 0 0 

0 5 0 

0 0 Aa 

Ai 0 0 

0 (© 0 
0 0 A 2 

A2 


(3.79) 


(3.80) 


with B G lM 2 n- 2 (C) and C G lM 2 n- 4 (C); elements which are not shown are equal to zero. 
The algebra limit Alp 4 (s'i) can be realized explicitly as a subalgebra of bounded operators 
on an infinite dimensional Hilbert space Ti naturally associated with the poset Pi{S^). 
Firstly, to any link {xi,Xj),Xi >- Xj, of the latter one associates an Hilbert space Hij] for 
the case at hand, one has four Hilbert spaces, Tfsi, 532 , 541 , 542 . Then, since all links are 
at the same level, H is just given by the direct sum 


T~C — Tfsi © 7^32 © 7741 © 7^42 . 

The algebra Ap^f^s^) is given by |^ , 

Alp4(5l) = CPH3ieH32 + ^W3ieH41 + ^H32®n42 + CT’W41©W42 ' 


(3.81) 

(3.82) 


48 










Here K, denotes compact operators and V orthogonal projection. The algebra (|3.82|) has 
four irreducible representations. Any element a G is of the form 


— '^’^3,12 + ^34,1 + ^34,2 + h"^4,12 


(3.83) 


with X, jj, ^ C, ku,! G /C-K 3 ieW 4 i aiid ^ 34,2 £ ^W 32 eW 42 - The representations are the 
following ones, 


TTl : Ap^(s^) — 

- Bin) , 

a 1 —*• 7ri(a) 

— XVz,i2 + /i^34,i + hT’ 4,12 

'■ Ap^[s^) — 

- Bin) , 

a 1 —*• 7r2(a) 

= AX 342 + ^34 ,2 + hT’ 4,12 

7r3 : ^P4(51) — 

-^H(C) ~ C , 

a 1 —*• vr 3 (a) 

= A, 

7r4 : Xlp4(5i) — 

-^H(C) ~ C , 

a 1 —*• 7r4(a) 

= h • 


The corresponding kernels are 


(3.84) 


Ai 7.^32 ©H 42 ) 

T2 ^7^31 ©W41 5 

T 3 = /Cw3i©H41 + ^W32©W42 + ^^T’7^41©W42 ) 

X 4 ^^7^34©7-^32 T A^7i31©W41 T ^7^32©W 42 ' (3.85) 


The partial order given by the inclusions Xi C X 3 , Xi C X 4 and X 2 C X 3 , X 2 C X 4 produces 
a topological space PrimAp^(^s^) which is just the circle poset in Fig. |^. 


A 


Example 3.7 

We shall now give an example of a three-level poset. It would correspond to an approxi¬ 
mation of a two dimensional topological space (or a portion thereof). 

This topological space, shown in Fig. contains hve closed sets: 

Ko =: {Xi} = {X1,X2,X3,X4} , Ki =: {X 2 } = {X2,X3,X4} , 

K2 =: {X 3 } = {X 3 } , 7^3 =: {X 4 } = {X 4 } , 

A 4 = {X3, X4} = iF 2 U 7^3 . (3.86) 
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Xi» 

Figure 15: A poset approximating a two dimensional space. 


Thus, one finds, 


/Co = {Ko} 

K = {Ko} 

/Ci = {iFo,iCi} 


/C2 = {iCo,iFi,iF2} 

/C' ={i7o,iCi,i72} 

/C3 = {iCo,i7i,iF2,i^3} 

/C'={i7o,iCi, 772,^^3,774} 

/C4 = {iCo,iFl,iF2,iC3,iF4} 

/C; = {77o, 771,772,773, 774 } 


> 0 ( 1 ) = {a:i,a;2,a;3,a;4} 

Foil) = 77o 


yi(l) = {a;2,a;3,a;4} Yi{2) = {xi} 

Fi(l)=77i 

Fi(2)=77o 

F2(1) = { 0 : 3 } >^ 2 ( 2 ) = K) 

^ 2 ( 3 ) = { 0 : 2 , 0 : 4 } 

F2{1) = 772 
F2(3) = 77i 

F2{2) = 77o 

F3(1) = te} Y^{2) = {xi} 

>}s(3) = { 0 : 2 } T3(4) = K) 

i"3(l) = K 2 
F,{3) = 77i 

CO CO 

CO 0 

F4(1) = { 2 : 3 } T4(2) = {xi} 

>4(3) = { 0 : 2 } >4(4) = {x4 

7 ^ 4 ( 1 ) = 772 
7 ^ 4 ( 3 ) = 77i 

Sq hq 

CO 0 


(3.87) 


Since there is a finite number of points (four) and hence a finite number of closed sets 
(five), the partition of the poset is the same after the fourth level. The corresponding 
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Figure 16: The Bratteli diagram for the poset V of previous Figure. 


Bratteli diagram is in Fig. |T^. The ideal {0} is primitive. The corresponding algebra is 
given by 


Ao = IMi(C) 

Ai = IMi(C) ©IMi(C) 

A 2 = IMi(C) © 1M2(C) © IMi(C) 

^3 = Mi(C) © 1M4(C) © 1M2(C) © IMi(C) 

A 4 = IMi(C) ©1M8(C) ©1M4(C) ©IMi(C) 

An = IMi(C) © 1M„2_3„_|_4( C) © lM2n-4(C) © IMi(C) 

: (3.88) 


51 






where, for n > 2, An is embedded in An+i as follows 


r 



Ai 0 0 0 

0 5 0 0 

0 0 C 0 

0 0 0 Aa 

Ai 0 0 

0 C 0 
0 0 Aa 

-^2 . 


(3.89) 


with B G 1 M„ 2 _ 3 „_,_ 4 (C) and C G lMan- 4 (C); elements which are not shown are equal to 
zero. Again, the algebra limit Ay can be given as a subalgebra of bounded operators 
on a Hilbert space 7i. The Hilbert spaces associated with the links of the poset will be 
Tfsa, 54 a, 7-fai- The difference with the previous example is that now there are links at 
different levels. On passing from a level to the next (or previous one) one introduces 
tensor products. The Hilbert space 5 is given by 


5 — 53 a ® 5ai © 54 a © 5ai — (53a © 54a) © 5ai 
The algebra Ay is then given by ||45|| , 

Ay T ^'Hz 2 ®'Ha 2 ® '^'H21 T ^(W 32 ©W 42 )®W 21 T ^'P'Hi2®'H21 


(3.90) 

(3.91) 


Here K, denotes compact operators and V orthogonal projection. This algebra has four 
irreducible representations. Any element of it is of the form 


a — XV321 + ^34,2 © 5 ai + ^ 34 ,21 + /^ 54 ai , 


(3.92) 


with A,/i G C, /c 34 ,a ^ ^'H 32 ®Hi 2 ^ 34,21 G /C(H 32 ©'H 42 )®'H 2 i- The representations are the 

following ones. 


vTi : Ay — ^ 5(5) , a H->■ 7 ri(a) = XV^2i + ^34,2 

7r2 : Ay —^ 5(5) , a e->■ 7ra(a) = A53ai + ^ 34,2 

TTs : Ay —> 5(C) ~ C , a I—*• 7 r 3 (a) = A , 

7 r 4 : Ay —^ 5(C) ~ C , a 1 —*• 7 r 4 (a) = /i . 


5ai + ^34,21 + ^®Pa2i 1 
5ai + ^APa2i , 


(3.93) 


The corresponding kernels are 


Ti = {0} , 

Ta = ^('H32®'Ha2)®'H21 1 

T 3 XC')-(^2®'Ha2 ® '^'H21 T ^{W32©W42)®W21 T ^'^'Ha2®'H21 ) 

Z 4 = ^'Pn32®n21 + ^H32®H42 ® 'Ph21 + ^(H32©H42)®H21 ' (3.94) 


The partial order given by the inclusions Xi C Xa © T 3 and Xi C Xa C X 4 produces a 
topological space PrimAy which is just the poset of Fig. (pXl) . 


52 









A 


In fact, by looking at the previous examples a bit more carefully one can infer the 
algorithm by which one goes from a (hnite) poset P to the corresponding Bratteli diagram 
V(Ap). Let (xi, ■ • •, xn) be the points of P and for fc = 1, • ■ •, iV, let Sk =: {x^} be the 
smallest closet subset of P containing the point Xj. Then, the Bratteli diagram repeats 
itself after the level N and the partition Yn{k) of Proposition |3.9| is just given by 


Yn{k) = Yn+i{k) = {Xk} , k = 1,... ,N, Wn>N. (3.95) 

As for the associated Fn{k), from the level N + 1 on, they are given by the Sk, 

Fn{k) = Fn+i{k) = Sk , k = l,...,N, Vn>iV + l. (3.96) 


In the diagram V{Ap), for any n> N, {n,k) \ (n + l,j) if and only if {x^lfj^j ^ 0, 
namely if and only if Xk G Sj. 

We also sketch the algorithm to construct the algebra limit Ap determined by the Bratteli 
diagram V{Ap) E3iH- The idea is to associate to the poset P an inhnite dimensional 
separable Hilbert space 'H{P) out of tensor products and direct sums of inhnite dimen¬ 
sional (separable) Hilbert spaces Hij associated with each link (xj,Xj),Xj >- Xj, in the 
poset B Then for each point x E P there is a subspace 7-f(x) C 'H{P) and an algebra 
B{x) of bounded operators acting on 7-f(x). The algebra Ap is the one generated by all 
of the B{x) as x varies in P. In fact, the algebra B{x) can be made to act on the whole of 
'H{P) by dehning its action on the complement of 7i(x) to be zero. Consider any maximal 
chain Ca in P\ Ca = {x^,..., X 2 , Xi | Xj >- Xj_i} for any maximal point x^. To this chain 
one associates the Hilbert space 


n{c^) = ®---® n3,2 ® 1 ^ 2,1 ■ 


(3.97) 


By taking the direct sum over all maximal chains, one gets the Hilbert space 7i{P), 


H(P)=©W(C„) . 

a 


(3.98) 


The subspace 7-f(x) C 'H{P) associated with any point x G P is constructed in a similar 
manner by restricting the sum to all maximal chains containing the point x. It can be 
split in two parts, 

nix) =n{x)'^®n{xY, ( 3 . 99 ) 


with. 


H(xr = H(P‘) , P“ = {veP\ytx} , 

_ H(x)-‘ = H (P^) , P^ = [yeP\y^x} . (3.100) 

^^This algebra is really defined only modulo Morita equivalence. 

^^The Hilbert spaces could be taken to be all the same. The label is there just to distinguish among 
them. 
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Here H{P^) and 'H{P^) are constructed as in ( p.98|) ; also, = C if a: is a maximal 

point and 7i{xY = C if a; is a minimal point. Consider now the algebra B{x) of bounded 
operators on H{x) given by 


B{x) = icin{xY) ( 2 ) €v{n{xY) ~ icin{xY)^vin{xY) 


(3.101) 


As before, /C denotes compact operators and V orthogonal projection. We see that B{x) 
acts by compact operators on the Hilbert space 7i(a;)“ determined by the points which 
follow X and by multiplies of the identity on the Hilbert space ^{{xY determined by the 
points which precede x. These algebras satisfy the rules: B{x)B{y) C B{x) if x ^ y and 
B{x)B{y) = 0 if a; and y are not comparable. As already mentioned, the algebra A{P) of 
the poset P is the algebra of bounded operators on 'H{P) generated by all B{x) as x varies 
over P. It can be shown that A{P) has a space of primitive ideals which is homeomorphic 
to the poset P P, We refer to M, ^ for additional details and examples. 


3.5 How to Recover the Algebra Being Approximated 


In Section we have described how to recover a topological space M in the limit, by 
considering a sequence of finer and finer coverings of M. We constructed an inverse 
system of hnitary topological spaces and continuous maps {Pi,7iij}ij£-N associated with 
the coverings; the maps : Pj Pi , j > i, being continuous surjections. The limit of 
the system is a topological space P^o, in which M is embedded as the subspace of closed 
points. On each point m of (the image of) M there is a hber of ‘extra points’ ; the latter 
are all points of Poo which ‘cannot be separated’ by m. 

Well, dually we get a direct system of algebras and homomorphisms {A, </>q}ijeN; 
the maps (j)ij : Ai —> Aj , j > i, being injective homeomorphisms. The system has a 
unique inductive limit .4.“. Each algebra Ai is such that Ai = Pi and is associated with 
Pi as described in previous Section, Ai = A{Pi). The map (j)ij is a ‘suitable pullback’ of 
the corresponding surjection tt^. The limit space Poo is the structure space of the limit 
algebra 4l‘^, Poo = A°°. And, finally the algebra C{M) of continuous functions on M can 
be identified with the center of 4l‘^. 


We get also a direct system of Hilbert spaces and isometries {Tij, TjjjjjgN; the maps 
Tij : Hi ^ Hj , j > i, being injective isometries onto the image. The system has a unique 
inductive limit H°°. Each Hilbert space Hi is associated with the space Pi as in (|3.98|) , 
Hi = H{Pi), the algebra Ai being the corresponding subalgebra of bounded operators. 
The map are constructed out of the corresponding (pij. The limit Hilbert space H°° is 
associated with the space Poo as in ( |3.98D , H°° = H{Poo), the algebra .4,“ being again the 
corresponding subalgebra of bounded operators. And, hnally the Hilbert space L^(M) of 
square integrable functions algebra is ‘contained’ in H°° : H°° = ©q, Ha, the sum 

being on the ‘extra points’ in Poo- 

All of previous is described in details in |^. Here we only add few additional remarks. 
By improving the approximation (by increasing the number of ‘detectors’) one gets a 
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noncommutative lattice whose Hasse diagram has a bigger number of points and links. 
The associated Hilbert space gets ‘more rehned’ : one may thing of a unique and the 
same Hilbert space which is being rehned while being split by means of tensor products 
and direct sums. In the limit the information is enough to recover completely the Hilbert 
space (in fact, to recover more than it). Further considerations along these lines and 
possible applications to quantum mechanics have to await another time. 


3.6 Operator Valued Functions on Noncommutative Lattices 


Much in the same way as it happens for commutative algebras described in Section ^ 
elements of a noncommutative C*-algebra whose primitive spectrum PrimA is a non¬ 
commutative lattice can be realized as operator-valued functions on PrimA. The values 
of a G M at the ‘point’ X G PrimA is just the image of a under the representation ttj 
associated with X, ker( 7 rx) = X, 

a(X) = TTj{a) ~ a/X , V a G X G PrimA . (3.102) 

All this is shown pictorially in Figures pT| and [l8| for the V and a circle lattices respectively. 



a — XiPi ki 2 A 2 X ’2 


Figure 17: A function over the lattice V- 


As it is evident in those Figures, the values of a function at points which cannot be 
separated by the topology differ by a compact operator. This is an illustration of the fact 
that compact operators play the role of ‘inhnitesimals’ as we shall discussed at length in 


Section 5.1 


In fact, as we shall see in Section |4.2|, the correct way of thinking of any noncommu¬ 
tative C*-aIgebra A is as the module of section of the ‘rank one trivial vector bundle’ 
over the associated noncommutative space. For the kind of noncommutative lattices we 
are interested in, it is possible to explicitly construct the bundle over the lattice. Such 
bundles are examples of bundles of C*-algebras H, the hber over any point X G PrimA 
being just the algebra of bounded operators vri(Xl) C BiHx), with the representation 
space. The Hilbert space and the algebra are given explicitly by the Hilbert space in 
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+ ^34,2 + /^’P4,12 


Figure 18: A function over the lattice P 4 {S^). 


B{€) ~ C 


^'B'H31(B'H32 ® ^H31©H41 ® ^'^H41©W42 



B{€) ~ C 


^'^?i31©H32 ® ^7t31©W41 ® ^'^H41©H42 


Figure 19: The fibers of the trivial bundle over the lattice P 4 {S^). 


( |3.99|) and the algebra in ( p.lOiP respectively, by taking for x just the point X. It is also 
possible to endow the total space with a topology in such a manner that elements of A 
are realized as continuous sections. We refer to for more details. Fig. shows the 
trivial bundle over the lattice P 4 {S^). 
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4 Modules as Bundles 


The algebraic analogue of vector bundles has its origin in the fact that a vector bundle 
£' —> M over a manifold M is completely characterized by the space £ = r(T^, M) of its 
smooth sections thought of as a (right) module over the algebra C°°{M) of smooth func¬ 
tions over M. Indeed, by the Serre-Swan theorem |^|, locally trivial, finite-dimensional 
complex vector bundles over a compact Hausdorff space M correspond canonically to 
finite projective modules over the algebra A = C°°{M) To the vector bundle E one 
associates the (^“(Mj-module £ = r(M, E) of smooth sections of E. Conversely, if T is a 
hnite projective modules over the fiber E^ of the associated bundle E over the 

point m E M is 


Em = £l£'Im , 

where the ideal Im C C{M), corresponding to the point m G M, is given by 


(4.1) 


Im = ker{Xm : C~(M) ^ C ; Xm{f) = f{m)} = {/ G C^{M) \ f{m) = 0} . (4.2) 


Given an algebra A playing the role of the algebra of smooth functions on some non- 
commutative space, the analogue of a vector bundle is provided by a projective module of 
finite type (or finite projective module) over A. Hermitian vector bundles, namely bundles 
with an Hermitian structure, correspond to projective modules of finite type £ endowed 
with an ^-valued sesquilinear form. For A a C'*-algebra, the appropriate notion is that 
of Hilbert module that we describe at length in Appendix |y. 

We start with some machinery from the theory of modules which we take mainly from 

El- 


4.1 Modules 

Definition 4.1 

Suppose we are given an algebra A over (say) the complex numbers C. A vector space £ 
over C is also a right module over A if it carries a right representation of A, 

£ X A 3 {rj, a) ^ rja E £ , r}{ah) = (qajh , a,b E A , 

ri{a + b) = rja + rjb , 

^ = rja + fa , (4.3) 

for any rjA ^ £ and a,b ^ A . 


O 


fact, in the correspondence is stated in the continuous category, namely for functions and 
sections which are continuous. However, it can be extended to the smooth case, see 
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Definition 4.2 

Given two right A-modules £ and T, a morphism of £ into £ is any linear map p : £ ^ 
which in addition is A-linear, namely 

pirja) = p{ri)a , \/ rj e £, a E A . (4.4) 

O 

A left module and a morphism of left modules are defined in a similar manner. Since, in 
general, A is not commutative, a right module structure and a left module one should 
be taken to be distinct. A himodule over the algebra .4. is a vector space £ which carries 
both a left and a right module structure. For each algebra A, the opposite algebra A° has 
elements a° in bijective correspondence with the elements a E A while the multiplication 
is given by a%° = {ba)°. Any right (respectively left) .4,-module £ can be regarded as a 
left (respectively right) 4.°-module by setting a°rj = rja (respectively ap = pa°), for any 
p E £,a E A. The algebra A®^A° is called the enveloping algebra of A and is denoted by 
A^. Any .4-bimodule £ can be regarded as a right 4l®-module by setting p{a 0 b°) = bpa, 
for any p E £, a E A, b° ^ A°. One can also regard £ as a left 4.®-module by setting 
(a (8) b°)p = apb, for any p E £,a E A,b° ^ A°. 

A family {et)t£T, with T any (finite or infinite) directed set, is called a generating 
family for the right module £ if any element of £ can be written (possibly in more that 
one manner) as a combination with at E A and only a finite number of terms 

in the sum being different from zero. The family {et)t&T is called free if it is made of 
linearly independent elements (over .4), and it is a basis for the module £ if it is a free 
generating family, so that any p E £ can be written uniquely as a combination 
with at E A. The module is called free if it admits a basis. 

The module £ is said to be of finite type if it is finitely generated, namely if it admits a 
generating family of finite cardinality. 

Consider now the module C'^ (8)(p .4 =: .4^. Any of its elements p can be thought 
of as an A^-dimensional vector with entries in A and can be written uniquely as a linear 
combination p = J2f=i with aj E A and the basis {cj, j = 1,..., A^} being identified 
with the canonical basis of . This module is clearly both free and of finite type. 

A general free module (of finite type) might admits basis of different cardinality and it 
does not make sense to talk of dimension. If the free module is such that any two basis 
have the same cardinality, the latter is called the dimension of the module B 
However, if the module £ is of finite type there is always an integer N and a (module) 
surjection p : .4^ —>■ £. In this case one finds a basis {cj ,j = 1,... ,N} which is the 
image of the free basis, Cj = p{ej) , j = 1,..., iV. Notice that in general it is not possible 
to solve the constraints among the basis element so as to get a free basis. For example, 
consider the algebra C°°{S^) of smooth functions on the two-dimensional sphere 8“^ and 

sufficient condition for this to happen is the existence of a (ring) homomorphism p : A ^ D, with 
ID any field. This is for instance the case if A is commutative (since then A admits at least a maximal 
ideal M and A/M is a field) or if A may be written as a (ring) direct sum A = C 0 A 



the Lie algebra S(S'^) of smooth vector helds on S'^. Then, S(S'^) is a module of hnite type 
over a basis of three elements being given by {Yi = Z]yfc=i ; * = 1; 2, 3} 

with xi,X 2 ,X 3 , such that J2^{xjY = 1, just the natural coordinates of S"^. The basis is 
not free, since Z]j=i ^j'^j = 0 but there are not two globally defined vector helds on 
which could serve as a basis of S(S'^). Of course this is nothing but the statement that 
the tangent bundle TS"^ over 3“^ is not trivial. 

4.2 Projective Modules of Finite Type 

Definition 4.3 

A right A-module S is said to be projective if it satisfy one of the following equivalent 
properties: 

1. (Lifting property.) Given a surjective homomorphism p : AA ^ Af of right A- 
modules, any homomorphism \ : S ^ Af can be lifted to a homomorphism \ : S ^ 
AA such that p o A = A, 

id: AA < —AA 
AT [p 

A: 8 —> J\f , po\ = \. (4.5) 

i 

0 

2. Every surjective module morphism p : AA ^ 8 splits, namely there exists a module 
morphism s : 8 ^ AA such that po s = ids■ 

3. The module 8 is a direct summand of a free module, namely there exists a free 
module T and a module (a fortiori projective) 8', such that 

T = 8® 8' . (4.6) 

O 

To prove that 1. implies 2. it is enough to apply 1. to the case Af = 8, A = ids, and get 
for A the splitting map s. To prove that 2. implies 3. one hrst observe that 2. implies that 
T is a direct summand of AA through s, namely AA = s(8) © kerp. Also, as mentioned 
before, for any module 8 it is possible to construct a surjection from a free module JF, 
p : tF 8 (in fact T = A^ for some N). One then applies 2. to this surjection. To prove 
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that 3. implies 1. one observe that a free module is projective and that a direct sum of 
modules is projective if and only if any summand is. 

Suppose now that E is both projective and of hnite type with surjection p : £. 

Then, the projective properties allow one to hnd a lift A : T ^ such that po X = ids, 


id : 

A^ ^ 

A^ 




AT 

i P > 

p o X = ids ■ 

(4.7) 

id : 

£ - 

£ 




We can then construct an idempotent p G Endj^A^ ~ lM 7 v(^), lM 7 v(Al) being the algebra 
of X matrices with entry in A, given by 


p = Xo p. 


(4.8) 


Indeed, from ( |4.7|) , p^ = XopoXop = X o p = p. The idempotent p allows one to 
decompose the free module A^ as a direct sum of submodules. 


A^ = pA^ + (1 - p)A^ 


(4.9) 


and p and A are isomorphisms (one the inverse of the other) between £ and pA^. The 
module £ is then projective of hnite type over A if and only if there exits an idempotent p G 
lMjv(v4,), p^ = p , such that £ = pA^. We may think of elements of £ as A^-dimensional 
column vectors whose elements are in A, the collection of which being invariant under 
the action of p, 

S = = = • (4.10) 


In the following, we shall use the name finite projective to mean projective of hnite type. 

The crucial link between hnite projective modules and vector bundles is provided by 
the following central result which is named after Serre and Swan [Q (see also ||101|| ). As 
mentioned before, Serre-Swan theorem was established for functions and sections which 
are continuous; but it can be extended to the smooth case [EB]. 


Proposition 4.1 

Let M be a compact finite dimensional manifold. A C°°{M)-module £ is isomorphic to 
a module V{E,M) of smooth sections of a bundle E —> M, if and only if it is finite 
projective. 


Proof. We hrst prove that a module T{E, M) of sections is hnite projective. If ~ M x 

is the rank k trivial vector bundle, then r{E,M) is just the free module A’^, A being 
the algebra C°°{M). In general, from what said before, one has to construct two maps 
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A : r(i?, M) —>• (this was called A before), and p : > r(i?, M), N being a snitable 

integer, snch that poX = idr(E,M)- Then r(ii^, M) = pA^, with the idempotent p given by 
p = Xo p. Let {Ui, i = 1 , • ■ •, g} be an open covering of M. Any element s G r(ii^, M) can 
be represented by q smooth maps Si = s\Ui : U —> C^, which satishes the compatibility 
conditions 

= ^9ji{'n^l)si{m) , mEUiDUj , ( 4 . 11 ) 

3 

with Qji : Ui n Uj GL{k, C) the transition fnnctions of the bnndle. Consider now a 
partition of nnity {hi,,i = l,---,g} snbordinate to the covering {Ui}. By a snitable 
rescaling we can alway assnme that hf + ■ ■ ■ + = 1 so that hj as well is a partition of 

nnity snbordinate to {Ui}. Set now N = kq, write © • • • © (g snmmands), 

and dehne 


A : r(E, M) ^ A^ , A(si, ■■■,Sq) =: (hiSi, • • •, hgSg) , 
p:A^^T{E,M), p(ti,---,tq) =: (si,---,Sg) , Si = ^gijhjtj . (4.12) 


Then 


po A(si,---,Sg) = (si,---,Sg) , Si = Y,9ijhjhjSj , (4.13) 

3 


which, being a partition of nnity, amonnts to p o A = idr(E,M)- 

Conversely, snppose that is a hnite projective C''^(M)-module. Then, with A = 
one can hnd an integer N and an idempotent p G 1 M 7 v(AI), such that S = pA^. 
Now, A^ can be identihed with the module of section of the trivial bundle M x C^, 
A^ ~ r(M X €^). Since p is a module map, one has that p{sf) = p{s)f , / G C°^{M). 
li m E M and Xm is the ideal Xm = {/ G C°^{M) \ f{m) = 0}, then p preserves the 
submodule A^Xm. Since s h-^ s{m) induces a linear isomorphism of A^/A^Xm onto the 
hber (M x C^)^, we have that p{s){m) E {M x C^)m for all s E A^. Then the map 
TV : M X —i> M X C'^, s{m) i—>■ p(s)(m), dehnes a bundle homomorphism satisfying 

p{s) = TTos. Since = p, one has that vr^ = tt. Suppose now that dim <C^)m) = k. 

Then one can hnd k linearly independent smooth local sections Sj E A^,j = 1, • • •, fc, 
near m E M, such that vr o Sj{m) = Sj{m). Then, e o sj, j = l,---,k are linearly 
independent in a neighborhood U of m, so that dim e((M x C'^)^') > k, for any m' E U. 
Similarly, by considering the idempotent (1 — vr) : M x C^ —M x C^, one gets that 
dim (1 — 7 r)((M x C'^)m') ^ N — k, for any m' G U. The integer N being constant, one 
infers that dim e{{M x C^)m') is (locally) constant, so that e{M x C'^) is the total space 
of a vector bundle E ^ M for which M x C'^ = E ® ker tt. From its dehnition, one gets 
that r(E, M) = {eos\sE r(M X C^)} = /m{p : A^ A^} = S. 


□ 


If is a (complex) vector bundle over a compact manifold M of dimension n, there 
exists a hnite cover {Ui , i = 1, • ■ ■, n} of M such that E\^^ is trivial |^. Thus, the 
integer N which determines the rank of the free bundle from which to project onto the 
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sections of the bundle E ^ M is determined by the equality N = kn where k is the rank 
of the bundle E ^ M and n is the dimension of M. 


4.3 Hermitian Structures over Projective Modules 


Suppose the vector bundle E ^ M is also endowed with an Hermitian structure. Then, 
the Hermitian inner product (•, •)^ on each hber Em of the bundle gives a (7°°(M)-valued 
sesquilinear map on the module of smooth sections M), 


{rii,ri2){m) =\ {rii{m),r]2{rn))^ , V 771,772 e r(E, M) . (4.14) 


For any 7 / 1,772 G V{E,M) and a,b E the map (|4.14|) is easily seen to satisfy the 

following properties 


( 7710 , 7726 ) = a* ( 771 , 772 ) b , 

(4.15) 

(hl,h 2 )* = (h 2 ,hl) , 

(4.16) 

(? 7 , 77 ) > 0 , (? 7 , 77 ) = 0 -v^ 77 = 0 . 

(4.17) 


Suppose now that we have a (hnite projective right) module S over an algebra A 
with involution *. Then, equations ( 4.16| )-( 4.17|) are just the dehnition of an Hermitian 
structure over T, a module being called Hermitian is it admits an Hermitian structure. 
We recall that an element a G .4 is said to be positive if can be written in the form a = b*b 
for some b E A. 

A condition of non degeneracy of an Hermitian structure is expressed in term of the dual 
module 

S' = {(p ■. S ^ A I 0 ( 770 ) = (p{ri)a , T] E S,a E A} . (4-18) 

which has a natural right .A-module structure given by 

S' X A 3 {(j), a) (p ■ a =: a*(p E S' . (4.19) 

We have the following dehnition. 


Definition 4.4 

The Hermitian structure {■,■) on the (right, finite projective) A-module S is called non 
degenerate if the map 

S ^ S' , 77 ^ (7/, ■) , (4.20) 


is an isomorphism. 

O 
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On the free module there is a canonical Hermitian structure given by 


N 




3 ’ 


(4.21) 


i=i 


where rj = {rji, ■ ■ ■, and ^ = (^i, • • •, ^tv) are any two elements . 

Under suitable regularity conditions on the algebra A all Hermitian structures on a given 
hnite projective module £ over A are isomorphic to each other and are obtained from the 
canonical structure (|4.21|) on A^ by restriction. We refer to for additional consider¬ 
ations and details on this point. Moreover, if = pA^, then p is self-adjoint |^. We have 
indeed the following proposition. 


Proposition 4.2 

Hermitian finite projective modules are of the form pA^ with p a self-adjoint idempotent, 
namely p* = p, the operation * being the composition of the *-operation in the algebra A 
with usual matrix transposition. 


Proof. With respect to the canonical structure (|4.21|) , one easily hnds that {p*f,ri) = 
{f,pri) for any matrix p G IMAr(M). Suppose now that p is an idempotent and consider 
the module £ = pA^. The orthogonal space £^ =: {u G A^ \ {u,p) = 0 , \/ p E 
T} is again a right M-module since {ua,p) = a* {u,p). If m G A^ and p E £, then 
((1 — p*)u, p) = (m, (1 — p)p) = 0 which states that £^ = {1 — p*)A^. On the other side, 
since A^ = pA^ © (1 — p)A^, the pairing (•, •) on A^ gives an Hermitian structures 
on £ = pA^ if and only if this is an orthogonal direct sum, namely, if and only if 
(1 — p*) = {1 — p) or p = p*. 


□ 


4.4 Few Elements of A"-theory 


We have seen in the previous Sections that the algebraic substitutes for bundles are 
projective modules of hnite type over an algebra A. The (algebraic) i^-theory of A is 
the natural framework for the analogue of bundle invariants. Indeed, both the notions of 
isomorphism and of stable isomorphism have a meaning in the context of hnite projective 
(right) modules and the group Kq{A) will be the group of (stable) isomorphism classes 
of such modules. In this Section we shall give few fundamentals of the ii"-theory of C*- 
algebras while referring to ||102|| for more details. In particular, we shall have in mind AF 
algebras. 


26 


Self-adjoint idempotents are also called projectors. 
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4.4.1 The Group Kq 

Given a unital G*-algebra A we shall indicate by lM7v(w4,) ~ ^®(plM 7 v(C) the C'*-algebra 
of X matrices with entries in A. Two projectors p,q & lM 7 v(xl) are said to be 
eqnivalent (in the sense of Mnrray - von Nenmann) if there exists a matrix (a partial 
isometry ^ n G IMAr(^) snch that p = u*u and q = uu*. In order to be able to ‘add’ 
eqnivalence classes of projectors, one considers all finite matrix algebras over A at the 
same time by considering Moo (-4.) which is the non complete *-algebra obtained as the 
inductive limit of finite matrices 

OO 

Moo(.4) = U M„(^) , 

n=l 

0 : M„(^) ^ , a ^ 0(a) = | “ ° | . (4.22) 

Now, two projectors p,q E Moo(.4,) are said to be equivalent, p ^ q, when there exists a 
u G Moo(w4,) such that p = u*u and q = uu*. The set V{A) of equivalence classes [ ■ ] is 
made an abelian semigroup by defining an addition by 

1*’) + |{ d V[p],[9ler(.4). (4,23) 

The additive identity is just 0 =: [0]. 

The groups Kq{A) is the universal canonical group (also called enveloping or Grothendieck 
group) associated with the abelian semigroup V{A). It may be defined as a collection of 
equivalence classes, 

K,{A) =: V{A) X V{A)/ ~ , 

{[pIAq]) - i[P%W]) ^ 3[r]EV{A) s.t. [p] + [q] + [r] = [p] + [q] + [r] . (4.24) 

It is straightforward to check reflexivity, symmetry and transitivity, the extra [r] in (|4.24| ) 
being inserted just to get the latter property, so that ~ is an equivalence relation. The 
presence of the extra [r] is the reason why one is classifying only stable classes. 

The addition in Kq{A) is defined by 

[([p], M)] + [i\pl [?'])] =: m + [pl M + b1)] , (4.25) 

for any [([p], [g])], [([p'], [g'])] G Kq{A), and does not depends on the representatives. As 
for the neutral element, it is given by the class 

_ 0 = KIpI. IpDI (4.26) 

element u in a *-algebra B is called a parti al is ometry if u*u is a projector (called the support 
projector). Then automatically uu* is a projector |102| (called the range projector). If B is unital and 
= E, then u is called an isometry. 

^®The completion of Moo (A) is A (8) /C, with /C the algebra of compact operators on the Hilbert space 
h. The algebra A (8 /C is also called the stabilization of A. 
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for any [p] G V{A). Indeed, all such elements are equivalents. Finally, the inverse 
— [([p], [g])] of the class [([p], [g])] is given by the the class 

(4.27) 


since, 

m, M)] + i-m, [?])]) = [([p], [?])] + ([(M, [p])]) = [([p] + [p] + m = 0 . ( 4 . 28 ) 

From all said previously, it is useful to think of the class [([p], [g])] G Kq{A) as a formal 
difference [p] — [g]. 

There is a natural homomorphism 

:V(A)^ Ko(A) . m(IpI) =: (IpI. PI) = IpI “ P] ■ (4.29) 

However, this map is injective if and only if the addition in V (^) has cancellations, namely 
if and only if [p] + [r] = [g] + [r] ^ [p] = [g]. Independently of the fact that V (^) has 
cancellations, any ^^([p]), [p] G V{A), has an inverse in Kq{A) and any element of the 
latter group can be written as a difference k^([p]) — fi;^([g]), with [p], [g] G V{A). 

While for a generic A, the semigroup V (^) has no cancellations, for AF algebras this 
happens to be the case. By dehning 

Ko+(A) =: k^(V(A)) , (4.30) 

the couple (Kq(A), Ko+(A)) becomes, for an AF algebra A, an ordered group with Kq+{A) 
the positive cone, namely one has that 

Ko+{A) 3 0 , 

Ko+{A) - Ko+{A) = Ko{A) , 

Ko+{A)n{-Ko+{A))=0 . (4.31) 

For a generic algebra the last property is not true and the couple {Ko{A), Kqj^{A)) is not 
an ordered group. 


Example 4.1 

The group Ko{A) ioiA=<C,A= IMfc(C), A; G IN and ^ = Mk{€) © lMfc/(C), k, k' G IN. 

If .4. = C, any element in V{A) is a class of equivalent projectors in some M„(C). Now, 
projectors in M„(C) are equivalent precisely when they ranges, which are subspaces of 
C”, have the same dimension. Therefore we can make the identihcation 

I/(C)~1N, (4.32) 

with IN = {0,1, 2, • ■ ■} the semigroup of natural numbers. 

As M„(Mfc(C)) ~ M„fc(C), the same argument gives 

H(lMfc(C)) ~ IN . (4.33) 
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Now, the canonical gronp associated with the semigronp IN is jnst the gronp Z of integers, 
and we have 

A'„(C) = *, AV(C) = 1N, 

A'„(1M»(C)) = Z , A'„+(Mt(C)) = M , V e W . ' ' 

For A = Mfc(C) © Mfc/(C), the same argnment for each of the two terms in the direct 
snm will give 


/Co(lMfc(C) ©lMfc/(C)) = Z© Z , (4.35) 

Ko+(lMfc(C) ©IMfc.(C)) = 1N©1N , Vfc,fc'GlN. (4.36) 

A 

In general, the gronp Kq has few interesting properties, notably nniversality. 

Proposition 4.3 

Let G be an abelian group and $ : V (^) G be a homomorphism of semigroups such 
that $(l/(^)) is invertible in G. 

Then, $ extends uniguely to a homomorphism 4/ : Kq{A) —>■ G, 


$ : 

P(^) - 

G 




I^A i 

t T 

, T 0 = <F . 

(4.37) 

id : 

Ko{A) <- 

i^o(^) 



Proof. First nniqneness. 

If ^ 1,^2 

: MA) ^ 

G both extend <F, then 4/] 

.([([P],M)]) = 


^i([p] - M) = ^i(«. 4 ([p])) - 4'i(K^([g])) = <F([p]) - <F([g]) = 4^2([([p], [q])]), which proves 
nniqneness. 

Then existence. Dehne 4/ : Ko{A) —>• G by 4/([([p], [q])]) = 4’([p]) — 4>([g]). This map is 
well dehned becanse $([?]) has inverse in G and becanse ([p], [q]) i\plW]) ^ 3[r]G 
V{A) snchthat [p] + [q'] + [r] = [p'] + [q] + [r], and this implies 4>([([p], [g])]) = 4/([([p'], [g'])]). 
Finally, 4/ is a homomorphism and 4 /(k_4([p]) = ^([([p], [0])]) = <F([p]), namely = <h. 

□ 

The gronp Kq is well behaved with respect to homomorphisms 0. 

Proposition 4.4 

If a : A ^ B is a homomorphism of G*-algebras, then the induced map 

a* ■.V{A) ^ V{B) , a^{[aij]) =: [ 0 ( 0 ^)] , (4.38) 

a more sophisticated parlance, Kq is a covariant functor from the category of C'*-algebras to the 
category of abelian groups. 
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is a well defined homomorphism of semigroups. Moreover, from universality, a* extends 
to a group homomorphism (denoted with the same symbol) 

a, = Ko{A) ^ KfiB) . (4.39) 


Proof. If the matrix ( 0 *^) G Moo(^) is a projector, the matrix a{aij) will clearly be a 
projector in Moo(13) • Furthermore, if ( 0 *^) is equivalent to (&p), then, since a is multi¬ 
plicative and *-preserving, a{aij) will be equivalent to a{bij). Thus a* : V{A) —>■ V{B) 
is well dehned and clearly a homomorphism. The last statement follows from Proposi¬ 
tion |4.3| with the identihcations 4) = Kg o a* : V{A) —>■ Kq{B) so as to get for T the map 
^ = a, : Ko{A) ^ Ko{B). 


□ 

The group Kq is also well behaved with respect to the process of taking inductive 
limits of C^-algebras, as stated by the following proposition which is proved in ||102|| and 
which is crucial for the calculation of the Kq of AF algebras. 


Proposition 4.5 

If the C*-algebra A is the inductive limit of a directed system {Ai, of C*-algebras 

then {Ko{Ai),^ij^} i jgN is a directed system of groups and one can exchange the limits, 

Ko{A) = iFo(limA) = hmiFo(A) • (4.40) 

Moreover, if A is an AF algebra, then Ko{A) is an ordered group with positive cone given 
by the limit of a directed system of semigroups 

Ko+{A) = i^o+(limA) = limKo+{A,) . (4.41) 


One has that as sets. 


□ 


MA) = {{kn) neN , kn e Ko{An) I 3iVo : kn-\-l Tn{kn) , n> No} , (4.42) 

Ko+{A) = {ikn)ne-N An ^ iFo+(A) | 3A'o : kn+i = Tn{kn) , n > A'o} , (4.43) 


while the structure of (abelian) group/semigroup is inherited pointwise from the addition 
in the groups/semigroups in the sequences ([4.42]), (|4.43|) respectively. 


^°In fact, one could substitute IN with any directed set A. 
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4.4.2 The i^-theory of the Penrose Tiling 


The algebra Apt of the Penrose Tiling is an AF algebra which is qnite far from being 
postliminal, since there is an inhnite nnmber of not eqnivalent irredncible representations 
which are faithfnl and then have the same kernel, namely zero which is the only primitive 
ideal (the algebra Apt is indeed simple). The construction of its iP-theory is rather 
straightforward and quite illuminating. The corresponding Bratteli diagram is shown in 
Fig.|g@. From Props. (|3.6|) and (|3.7|) it is clear that {0} is the only primitive ideal. 


1 



1 

1 

2 

3 

5 


Figure 20: 


The Bratteli diagram for the algebra Apr of the Penrose tiling. 


At each level, the algebra is given by 

An = (C) © (C) , n > 1 , 

with inclusion 


(4.44) 


In • A-n '' ^ A,' 


n+1 



0 1 


0 

0 ' 

|o 



B 

0 

0 

0 

A 


, AelM,„(C), 5elM,;(C). (4.45) 


This gives for the dimensions the recursive relations 

dn+i dn T d^ , 


d' — d 

O'n+l '^n 1 


n > 1 , di = d[ = 1 . 


(4.46) 


From what said in the Example [4.1| , after the second level, the iP-groups are given by 
IIo{An) = Z © Z , Kopi^An) = IN © IN , 77, © 1. (4.47) 
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The group {Kq{A)^ Kqj^{A)) is obtained by Proposition as the inductive limit of 
the sequence of groups/semigroups 


K^{Ai) ^ K,{A 2 ) MA 3 ) ■ (4.48) 

Ko+i^i) i^o+(A) Ko+iAs) • (4.49) 


The inclusions 


Tn '■ KQ(An) ^ KQ{An+l) , Tn : KQj^{An) ^ KQj^{An+l) 


(4.50) 


are easily obtained from the inclusions In in ( 4.45 ), being indeed the corresponding in¬ 
duced maps as in (^4.39|) Tn = In*- To construct the maps Tn we need the following 
proposition, the first part of which is just Proposition |3^ which we repeat for clarity. 


Proposition 4.6 

Let A and B be the direct sum of two matrix algebras, 

A = lMp,(C) © lMp,(C) , B = 1M,,(C) © lMg2(C) . (4.51) 

Then, any homomorphism a : A ^ B can be written as the direct sum of the representa¬ 
tions aj : A ^ lMg^,((D) ~ i3(C®), j = 1 , 2 . If nji is the unique irreducible representation 
o/lMp.((D) in B{€‘^^), then aj breaks into a direct sum of the vr^j. Furthermore, let Nji be 
the non-negative integers denoting the multiplicity of 7 iji in this sum. Then the induced 
homomorphism, a* = Kq{A) Ko{B), is given by the 2 x 2 matrix {Nij). 


Proof. For the first part just refer to Proposition |3.4| . 

Furthermore, given a rank k projector in IMp.(C), the representation aj send it to a rank 
Njik projector in (C). This proves the hnal statement of the proposition. 


□ 


For the inclusion (|4.6|) , Proposition gives immediately that the maps (|4.50|) are 
both represented by the integer valued matrix 


T = 


1 1 
1 0 


(4.52) 


for any level n. The action of the matrix (|4.52|) can be represented pictorially as in Fig. 
where the couples (a, 6 ), (a', b') are both in Z © Z or IN © IN. 


Finally, we can construct the Kq group. 
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a 


b 


a' = a + b 
b' = a 


y 


Figure 21: The action of the inclusion T. 


Proposition 4.7 

The group {Kq^Apt), Kqj^^Apt)) for the C*-algebra App of the Penrose tiling is given by 
Ko{Apt) = Z © Z , (4.53) 

Kq^(^Apt) = {(®! 5) G Z © Z : —^— a + 6 > 0} . (4.54) 


Proof. The result ( |4.53|) follows immediately from the fact that the matrix T in ( [4.52| ) is 
invertible over the integer, its inverse being 


T-i ^ 




(4.55) 


Now, from the dehnition of inductive limit we have that. 


Ko{Apt) — {{kn) riGN 5 ^ Ko{An) I 3iVo : kn+i = T{kn) , u > iVo}. (4.56) 

And, T being a bijection, for any kn+i G Kq^Au+i), there exist a unique kn G K^i^An) 
such that kn+i = Tkn- Thus, Kq{Apt) = A'o(^n) = Z © Z. 


As for (|4.54|) , since T is not invertible over IN, Ko+{Apt) 7 ^ IN © IN. To construct 
Kq+{Apt), we study the image T(A'o+(^n)) in A'o+(^n+i)- It is easily found to be 

T{KQ^{An)) = {{ttn+lAn+l) G IN © IN ! 0^+1 > &n+l} 

^ Ko4An+i) . (4.57) 


Now, T being injective, T(A'o+(^n)) = T(1N©1N) ~ 1N©1N. The inclusion of T(iFo+(w4,„)) 
into A’o+(^n+i) is shown in Fig. By identifying the subset T(iFo+(^n)) C A'o+(.4„+i) 
with Ko+{An), we can think of T~^{Ko+{An+i)) as a subset of Z© Z and of T~^{KQ^{An)) 
as the standard positive cone IN © IN. The result is shown in Fig. |^. Next iteration, 
namely T~‘^{KQ^{An)) is shown in Fig. 

From dehnition ([4.43|) , by going to the limit we shall have Kq+{Apt) = limm^oo T“'"(1N © 
IN) and the limit will be a subset of Z © Z since T is invertible only over Z. The limit can 
be easily found. From the dehning relation FA+i = Fm + Fm_i,m > 1, for the Fibonacci 
numbers (with Fq = 0 , Fi = 1 ), it follows that 


T 


—m 


(- 1 ) 



(4.58) 


70 












Therefore, T”'” takes the positive axis {(a, 0) : a > 0} to a half-line of slope — 
and the positive axis {(0, 6) : 6 > 0} to a half-line of slope —Fm+i/F^- Thus the positive 
cone IN © IN opens into a fan-shaped wedge which is bordered by these two half-lines. 
Any integer coordinate point within the wedge conies from an integer coordinate point 
in the original positive cone. Since Fm+i/Fm = the limit cone is just the 

half-space {(a, 6) G Z © Z : + 6 > 0} . Every integer coordinate point in it belongs 

to some intermediate wedge and so lies in A’o+(^pr)- The latter is shown in Fig. P3|. 


□ 



Figure 22: The image of IN 0 IN under T. 


We refer to for an extensive study of the A'-theory of noncommutative lattices 
and for several examples of A'-groups. 


71 










4.4.3 Higher Order if-groups 


In order to define higher order gronps, one needs to introduce the notion of suspension of 
a C*-algebra A: it is the C*-algebra 

SA=:A ® C'o(]R) ~ ^ 0(11 ^ A) , (4.59) 

where Cq indicates continuous functions vanishing at infinity. Also, in the second object, 
sum and product are pointwise, adjoint is the adjoint in A and the norm is the supremum 
norm \ \f\\sA = sup^eR ll/(^)IU- 

The A'-group of order n of ^ is defined to be 

Kn{A) =: KoiS^A) , n e IN . (4.60) 


However, the Bott periodicity theorem asserts that all A'-groups are isomorphic to either 
Kq or A'l, so that there are really only two such groups. There are indeed the following 
isomorphisms ||102| 


K^niA) ~ i^o(^) , 

K2n+iiA) - KM) , VnGN. (4.61) 

Again, AF algebras show characteristic features. Indeed, for them Ki vanishes iden¬ 
tically. 
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While ii'-theory provides analogues of topological invariants for algebras, cyclic coho¬ 
mology provides analogues of differential geometric invariants, i^-theory and cohomology 
are connected by the noncommutative Chern character in a beautiful generalization of 
the usual (commutative) situation [^. We regret that all this goes beyond the scope of 


the present notes. 

As mentioned in Section p.4.2| , A'-theory has been proved to be a complete invari¬ 
ant which distinguishes among AF algebras if one add to the ordered group (iFo(-A), Kqj^{A)) 
the notion of scale, the latter being defined for any C^-algebra A as 


EA =: 


,p a projector in 


(4.62) 


Algebras AF are completely determined, up to isomorphism, by their scaled ordered 
groups, namely by triple (iFo, iFo+, S). The key is the fact that scale preserving iso¬ 
morphisms between the ordered groups {Kq, Kq^, S) of two AF algebras are nothing but 
/^-theoretically induced maps (|4.39|) of isomorphisms between the AF algebras themselves. 
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5 The Spectral Calculus 


In this section we shall introdnce the machineries of spectral calcnlus which is the non- 
commntative generalization of the usual calculus on a manifold. As we shall see, a crucial 
role is played by the Dixmier trace. 


5.1 Infinitesimals 

Before we proceed to illustrate Connes’ theory of inhnitesimals, we need few additional 

^ and state as propositions. The 
algebra of compact operators on the Hilbert space Ti. will be denoted by K-iH) while B(H) 
will be the algebra of bounded operators. 


facts about compact operators which we take from 


Proposition 5.1 

Let T be a eompaet operator on TL. Then, its spectrum cr{T) is a discrete set having no 
limit points except perhaps A = 0. Furthermore, any nonzero A G cr(T) is an eigenvalue 
of finite multiplicity. 


Notice that a generic compact operators needs not admit any eigenvalue. 


□ 


Proposition 5.2 

Let T be a self-adjoint compact operator on Ti. Then, there is a complete orthonormal 
basis, {0n}neN; for Ti so that T0„ = Xnfin ond A„ —0 as n ^ oo. 


□ 


Proposition 5.3 

Let T be a compact operator on Ti. Then, it has an uniformly convergent (convergent in 
norm) expansion 

T=Y.Tn{T)\fin){fin\ , (5.1) 

n>0 

where, 0 < pj+i < pLj, and {V'njneN, {0n}neN ore (not necessarily complete) orthonormal 
sets. 


□ 

In this proposition one writes the polar decomposition T = U\T\, \T\ = \/T*T. Then, 
fin ^ 0 as n —>• cx)} are the non vanishing eigenvalues of the (compact self-adjoint) 
operator |T| arranged with repeated multiplicity, {fin} are the corresponding eigenvectors 
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and 'ipn = U(j)n- The eigenvalues {/i„(T)} are called the characteristic values of T. One 
has that /io(T) = ||T||, the norm of T. 


Due to condition (|2.35|) , compact operators are in a sense ‘small’; they play the role 
of infinitesimal. The size of the inhnitesimal T G K,{l-C) is governed by the rate of decay 
of the sequence {/in(T)} as n —> cxo. 


Definition 5.1 

For any a G IR^, the infinitesimals of order a are all T G )C(H) such that 

fin{T) = 0{n~^) , as n —>• cxD , 

i.e. 3 O < cx) : ian{T) < Cn~°‘ , V n > 1 . (5.2) 


Given any two compact operators Ti and T 2 , there is a submultiplicative property [p2 

Fn+m{TiT2) < /in(Ti)/i„(r2) , (5-3) 

which, in turns, implies that the orders of inhnitesimals behave well, 

Tj of order aj T 1 T 2 of order < oi + 02 • (5.4) 

Also, inhnitesimals of order a form a (not closed) two-sided ideal in since for any 

T G IC{H) and B G BifH), one has that 


(5.5) 


Fn{TB) < ||R||/i„(T) , 
Fn{BT) < ||R||/i„(T) . 


5.2 The Dixmier Trace 

As in ordinary differential calculus one seeks for an ‘integral’ which neglects all inhnites¬ 
imals of order > 1. This is done with the Dixmier trace which is constructed in such a 
way that 

1. Inhnitesimals of order 1 are in the domain of the trace. 

2. Inhnitesimals of order higher than 1 have vanishing trace. 

The usual trace is not appropriate. Its domain is the two-sided ideal of trace class 
operators. For any T G the trace, dehned as 

trT=:^(Ten,U , (5.6) 
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is independent of the orthonormal basis of Ti and is, indeed, the sum of eigen¬ 

values of T. When the latter is positive and compact, one has that 


tr T 


OO 


0 


(5.7) 


In general, an inhnitesimal of order 1 is not in C^, since the only control on its charac¬ 
teristic values is that UniT) < , for some positive constant C. Moreover, contains 

inhnitesimals of order higher than 1. However, for (positive) inhnitesimals of order 1, the 
usual trace (O) is at most logarithmically divergent since 


N-l 


Y.fin{T)<C\nN . 

0 


(5.8) 


The Dixmier trace is just a way to extract the coefficient of the logarithmic divergence. 
It is somewhat surprising that this coefficient behaves as a trace [P5[| . 

We shall indicate with the ideal of compact operators which are inhnitesimal of 

order 1. If T G is positive, one tries to dehne a positive functional by taking the 

limit of the cut-off sums, 

^ N-l 

^ E l^n(T) . (5,9) 

There are two problems with the previous formula: its linearity and its convergence. For 
any compact operator T, consider the sums. 


N-l 


<^n{T) = l^n(T) . 
0 


MT) 


(Tn{T) 
In AT 


They satisfy ||25 


o'NiTi + T 2 ) < ap^(Ti) + ap^(T2) , V Ti,T2, 
0 ' 2 Af(Fi -|- T 2 ) > (JAr(Ti) -|- (TAr(T 2 ) , V Ti, T 2 > 0 . 


In turn, for any two positive operators Ti and T 2 , 

7Af(^l + T 2 ) < 7Ar(Ti) -|- 7Ar(T2) < 72Ar(Ti -|- T2)(l -|- -——) . 

In JM 


(5.10) 


(5.11) 


(5.12) 


From this, we see that linearity would follow from convergence. In general, however, the 
sequence {7Ar}, although bounded, is not convergent. Notice that, the eigenvalues fin{T) 
being unitary invariant, so is the sequence {yw}- Therefore, one gets a unitary invariant 
positive trace on the positive part of for each linear form lim^ on the space ^“(IN) 

of bounded sequences, satisfying 


1. hm<^{7Ar} >0, if 7iv > 0 . 
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2. limt^{7Ar} = lim{7jv}, if {'Jn} is convergent, with lini the usual limit. 

3. hm<^{ 7 i, 7 i, 72, 72 , 73 ,73, • • ■} = lim<^{77v}. 

3’. lim^{ 72 Ar} = lim(^{ 7 Ar}. Scale invariance. 


Dixmier proved that there exists an inhnity of such scale invariant forms [^, Asso¬ 
ciated with any of it there is a trace 


N-l 


tr^{T) = lim, 


In AT 


tin(T) , V r > 0 , T 6 £<'’“> . 


(5.13) 


From (|5.12|) , it also follows that tr^ is additive on positive operators, 

tr^iTi+n) = tr^(Ti) +tr^(T2) , V Ti,T2 > 0 , T,,T2 G . (5.14) 

This, together with the fact that jg generated by its positive part (see below), 

implies that extends by linearity to the entire -with properties. 


1. tr^(T)>0 ifT>0. 

2. tr^{XiTi A 2 T 2 ) = Aitr^(Ti) \2tr^{T2). 

3. tT^{BT) = tr^{TB) , W Be B{H). 

4. tr^{T) = 0 , if T is of order higher than 1. 

Property 3. follows from (^.5|) . The last property follows from the fact that the space of 
all inhnitesimals of order higher than 1 form a two-sided ideal whose elements satisfy 

/x„(T) = o(—) , i.e. n^n{T) ^ 0 , as n —>• 00 . (5.15) 

n 

As a consequence, the corresponding sequence {yv} is convergent and converges to zero. 
Therefore, for such operators the Dixmier trace vanishes. 

To prove that is generated by its positive part one can use polar decomposition 

and the fact that is an ideal. If T G by considering self-adjoint and anti 

self-adjoint part separately one can suppose that T is self-adjoint. Then, T = 17|T| 
with |T| = \/T^ and U is a sign operator, = U] from this |T| = UT and |T| G 

Furthermore, one has the decomposition U = with U± = f (I ± f/) its 

spectral projectors (projectors on the eigenspaces with eigenvalue -|-1 and —1 respectively). 
Therefore, T = D|T| = D+|T|-D_|T| = U+\T\U+-U_\T\U_ is a difference oftwo positive 
elements in 


In many examples of interest in physics, like Yang-Mills and gravity theories, the 
sequence {yAr} itself converges. In these cases, the limit is given by (|0|) and does not 
depends on 00 . 

The following examples have been clarihed in 
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Example 5.1 

Powers of the Laplacian on the n-dimensional flat torus T”. 

The operator 

has eigenvalues ||/j|f where the l/s are all points of the lattice Z” taken with multiplicity 
one. Thus, |A|^ will have eigenvalues For the corresponding Dixmier trace, one 

needs to estimate {logN)~^ Yli I l^il 1^"^ as N ^ oo. Let be the number of lattice points 
in the ball of radius R centered at the origin of IR"'. Then ~ vol{x \ ||a;|| < R} and 
Nr-dr — Nr ^ Here Hn = /T{n/2) is the area of the unit sphere 5'"'“^. 

Thus, 

l|/|| ~ / r^^iNr-dr-Nr) 

/ oo 

. (5.17) 

On the other side, IoqNr ~ nlogR. As R ^ oo, we have to distinguish three cases. 


For s > —n/2, 


For s < —n/2, 


For s = —n/2. 


{logNn)-^ ^ ||/||^^ 

m\<R 


{logNn)-^ Y: ||/||'^ ^ 0 . 

\\1\\<R 


{logNnY E 

\\1\\<R 


VtnlogR 

nlogR 


12 jj 

n 


(5.18) 


(5.19) 


(5.20) 


Therefore, the sequence {yArdAI"^)} diverges for s > —n/2, vanishes for s < —n/2 and 
converges for s = —n/2. Thus is an inhnitesimal of order 1, its trace being given 

by 


«r„(A-"/2) = hi 

n 


2ttN‘^ 

nT{n/2) 


(5.21) 


A 


Example 5.2 

Powers of the Laplacian on the n-dimensional sphere S'”. 

The Laplacian operator A on S'” has eigenvalues /(/ -|- n — 1) with multiplicity 

/-|-n\ / I -\- n — 2\ {I -\- n — 1)! {21 -\- n — 1) 

n j \ n j (n-1)!/! {l + n-l) ’ 



(5.22) 
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where / G N; in particular tuq = 1, mi = n + 1. One needs to estimate, as N ^ oo, the 
following sums 


N 

log'^mi , ^mz[/(/ + n-. 

1=0 


N 

I 

1=0 


Well, one finds that 

N 

1=0 


+ M + n — 1 


n 


n 


from which. 

Furthermore, 

N 


n\ 
2N^‘ 

n\ 


N 


-{N + n — 1){N + n — 2) ■ ■ ■ {N + l)(2iV + n) 


log '^mi ^ logN"' + log2 — lognl ~ nlogN . 
1=0 


+ n - 1)] = 


1=0 


1 ^ (l + n-1)! (2l + n-l) 

(n - 1)! ^ /![/(/ + n- 1 )]V 2 ^ _ i) 

~ 1)' ^ + n - 

2 ^ l^-^ 

2 ^ r? — 1 


2 


logN. 


(n — 1)! 

By putting the numerator and the denominator together we dually get, 

N N 


tr^(A = limN^oo(^miW + n-l)] /log^mi) 

1=0 1=0 
2logN/{n — l)\ 2 

nlogN n\ 


Ixnxj^ —^oo' 


(5.23) 


(5.24) 


(6.26) 


(5.26) 


(5.27) 


If one replaces the exponent —n/2 by a smaller s, the series in ( |5.26|) becomes convergent 
and the Dixmier trace va ni shes. On the other end, if s > z//2, this series diverges faster 
that the one in the denominator and the corresponding quotient diverges. 


A 
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Example 5.3 

The inverse of the harmonic oscillator. 

The Hamiltonian of the one dimensional harmonic oscillator is given (in ‘momentum 
space’) hj H = It is well known that on the Hilbert space L^(IR) its eigenvalues 

are = n + ^ , n = 0,l,..., while its inverse H~^ = 2{^‘^ + x^)~^ has eigenvalues 

= 2 ^^ . The sequence {'yN{H~^)} converges and the corresponding Dixmier 
trace is given by ( b-9|) , 


tr^{H = lim 

N^OO 


1 N-1 1 N-1 

— = lim — 

InAT Y N^oclnN 


2n + 1 


= 1 


(5.28) 


A 


5.3 Wodzicki Residue and Connes’ Trace Theorem 


The Wodzicki-Adler-Manin-Guillemin residue is the unique trace on the algebra of pseu¬ 
dodifferential operators of any order which, on operators of order at most —n coincides 
with the corresponding Dixmier trace. Pseudodifferential operators are briefly described 
in Appendix In this section we shall introduce the residue and the theorem by Connes 
1^ which establishes its connection with the Dixmier trace. 


Definition 5.2 

Let M be an n-dimensional compact Riemannian manifold. Let T be a pseudodifferential 
operator of order —n acting on sections of a complex vector bundles E —>■ M. Its residue 
is defined by 

ReswT =: ^ [ trE (T-n{T)dpi . (5.29) 

n{27rE Is*M 

O 

Here, a-n{T) is the principal symbol: a matrix-valued function on T*M which is homoge¬ 
neous of degree —n in the hbre coordinates (see Appendix 0. The integral is taken over 
the unit co-sphere S*M = {(x,.^) G T*M : ||.^|| = 1} C T*M with measure dp, = dxdf. 
The trace is a matrix trace over ‘internal indices’ Q. 


Example 5.4 

Powers of the Laplacian on the n-dimensional flat torus T”. 

The Laplacian A is a second order operator. Then, the operator is of order —n with 


m ay b e worth mentioning that most authors do not include the factor ^ in the definition of the 
residue ( 5.29 ). 
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principal symbol ct_„(A = ||^|| (see Appendix ED, which is the constant function 
1 on S*T"‘. As a consequence, 


ReswA-^^^ 



2^2 

nr(n/2) 


The result coincides with the one given by the Dixmier trace in Example |5.1| . 


(5.30) 


A 


Example 5.5 

Powers of the Laplacian on the n-dimensional sphere S'”. 

Again the operator jg of order —n with principal symbol the constant function 1 

on S'*T”. Thus, 


Resw^~^^^ = 


n(27r)” Js*S' 
27r”/2 _ 2 

nr(n/2) n! ’ 


dxd^ = 


——/ dx = ——- 

n{27i)^ Js*T^ n(27r) 






(5.31) 


where we have used the formula r(|)r(^^) = 2 — 1)!. Again we see that the 

result coincides with the one in Example obtained by taking the Dixmier trace. 


A 


Example 5.6 

The inverse of the one dimensional harmonic oscillator. 

The Hamiltonian is given by if = + x^). Let us forget for the moment the fact that 

the manifold we are considering, M = IR, is not compact. We would like to still make 
sense of the (Wodzicki) residue of a suitable negative power of H. Since H is of order 2, 
the hrst candidate would be From ([F.25|) its principal symbol is the function 

Formula ( b.29| ) would give ReswH~^^^ = cx), a manifestation of the fact that IR is not 
compact. On the other side. Example b-3| would suggest to try H~^. But from (|F.25|) we 
see that the symbol of H~^ has no term of order — 1 ! It is somewhat surprising that the 
integral of the full symbol of H~^ gives an answer which coincides (up to a factor 2) with 
evaluated in Example 


101 


Residue(if ^) = ^ [ ^) = - [ 

ztt Js*r tt Jn 1 + x^ 


= 2 


(5.32) 


For an explanation of the previous fact we refer to . 


A 
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As we have already mentioned, Wodzicki [1^] has extended the formula ( 5.29 ) to a 
unique trace on the algebra of pseudodifferential operator of any order. The trace of any 
operator T is given by the right hand side of formula (|5.29|) , with cr_„(T) the symbol of 
order —n of T. In particular, one puts ReswT = 0 if the order of T is less than —n. As 
we shall see in Section such general residue has been used to construct gravity models 
in noncommutative geometry. 

In the examples worked before we have seen explicitly that the Dixmier trace of an 
operator of a suitable type coincides with its Wodzicki residue. That the residue coincides 
with the Dixmier trace for any pseudodifferential operators of order less or equal that —n 
have been shown by Connes ^ (see also [|101|] ). 


Proposition 5.4 

Let M he an n-dimensional compact Riemannian manifold. Let T be a pseudodifferential 
operator of order —n acting on sections of a complex vector bundles E —>■ M. 

Then, 

1. The corresponding operator T on the Hilbert space TL = Lf{M,E) of sguare inte- 
grable sections, belongs to 

2. The trace tr^iT does not depends on uj and is (proportional to) the residue, 

trJT = ReswT =: ^ [ Re a-n(T)dfi . (5.33) 

n[27r)^ Js*M 

3. The trace depends only on the conformal class of the metric on M. 


Proof. The Hilbert space on which T acts is just TL = L'^{M,E), the space of square- 
integrable sections obtained as the completion of r{M,E) with respect to the scalar 
product (mi,M2) = Im ulu2dfi{g) , dfi{g) being the measure associated with the Rie¬ 
mannian metric on M. If TLi,TL 2 are obtained from two conformally related metric, the 
identity operator on V{M,E) extends to a linear map U : TLi ^ TL 2 which is bounded 
with bounded inverse and which transforms T into UTU~^. Since tr^{LfTLf~^) = tr^_j{T), 
we get C^^’°^\TLi) ~ and the Dixmier trace does not changes. On the other 

side, the cosphere bundle S*M is constructed by using a metric. But since a-n(T) is 
homogeneous of degree —n in the hbre variable f, the multiplicative term obtained by 
changing variables just compensate the Jacobian of the transformation and the integral 
in the dehnition of the Wodzicki residue remains the same in each conformal class. 

Now, from Appendix we know that T can be written as a hnite sum of operator of the 
form u I—*• (fTf), with 0,-0 belonging to a partition of unity of M. Since multiplication 
operators are bounded on the Hilbert space TL, the operator T will be in jf and only 

if all operators (|)T^l) are. Thus one can assume that E is the trivial bundle and M can be 
taken to be a given n-dimensional compact manifold, M = S"' for simplicity. Now, it turn 
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out that the operator T can be written as T = S'(l + with A the Laplacian and S 

a bounded operator. From Example |5.2| , we know that (1 +G (the presence 

of the identity is irrelevant since it produces only terms of lower degree), and this implies 
that T G From that example, we also have that for s < —n/2, the Dixmier trace 

of (1 + A)^ vanishes and this implies that any pseudodifferential operator on M of order 
s < —n/2 has vanishing Dixmier trace. In particular, the operator of order (—n — 1) 
whose symbol is cr(x,^) — has vanishing Dixmier trace; as a consequence, the 

Dixmier trace of T depends only on the principal symbol of T. 

Now, the space of all trES-n{T) can be identihed with C°°{S*M). Furthermore, the map 
trES-n{T) H-^ tr^{T) is a continuous linear form, namely a distribution, on the compact 
manifold S*M. This distribution is positive due to the fact that the Dixmier trace is a pos¬ 
itive linear functional and nonnegative principal symbols correspond to positive operators. 
Since a positive distribution is a measure dm, we can write tr^{T) = Js*m (^-n{T)dm{x,^). 
Now, an isometry (f) : —>■ S"' will transform cr_n(T)(x, to cr_„(T)(0(a;), (j)* being 

the transpose of the Jacobian of 0, and determines a unitary operator U(j, on Ti which 
transform T to U^TU^^. Since tr^T = tr^{U,pTU'^^), the measure dm determined by tr^ 
is invariant under all isometries of S'”. In particular one can take 0 G SO{n + 1). But 
S'*S'” is a homogeneous space for the action of SO{n + 1) and any SO{n J- l)-invariant 
measure is proportional to the volume form on S'*S'”. Thus 


tr^T ~ I f tvE a-n(T)dxd^ = ReswT . 

n{ 27 i)^ Js*M 


(6.34) 


From Examples |5.2| and |5.5| we sees that the proportionally constant is just 1. This ends 
the proof of the proposition. 


□ 


Finally, we mention that in general there is a class Ai of elements of £^. 00 ) which the 
Dixmier trace does not depend on the functional u. Such operators are called measurable 
and in all relevant case in noncommutative geometry one deals with measurable operators. 
We refer to for a characterization of Ai. We only mention that in such situations. 


the Dixmier trace can again be written as a residue. If T is a positive element in 
its complex power T®, s G C, IRe s > 1, makes sense and is a trace class operator. Its 
trace C(s) = fr T® = l^niTY , is a holomorphic function on the half plane IRe s > 1. 
Connes has proved that for T a positive element in hms^i+(s — l)C(s) = T if 

and only if tr^T =: ^ l^n{T) = L. We see that if ({s) has a simple 

pole at s = 1 then, the corresponding residne coincides with the Dixmier trace. This 
equality gives back Proposition for psendodifferential operators or order at most —n 
on a compact manifold of dimension n. 
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5.4 Spectral Triples 


We shall now illustrate the basic ingredient introduced by Connes to develop the analogue 
of differential calculus for noncommutative algebras. 


Definition 5.3 

A spectral triple {A, H, D) Q is given by an involutive algebra A of bounded operators on 
the Hilbert space H, together with a self-adjoint operator D = D* onH with the following 
properties. 

1. The resolvent {D — A)“^, A ^ IR, is a compact operator on TL; 

2. [D, a] =: Da — aD G B{TL), for any a E A 


The triple is said to be even if there is a Z 2 grading of TL, namely an operator T on 
TL, r = r*, = 1; such that 

TD + DT = 0 , 

Fa — ar = 0, W a E A . (5.35) 

If such a grading does not exist, the triple is said to be odd. 


O 


In general, one could ask that condition 2. be satished only for a dense subalgebra of A. 
By the assumptions in Dehnition ^.3| , the self-adjoint operator D has a real discrete 
spectrum made of eigenvalues, i.e. the collection {A„} form a discrete subset of IR and 
each eigenvalue has hnite multiplicity. Furthermore, |An,| —> cx) as n —> 00 . Indeed, 
{D — A)“^ being compact, its characteristic values fin{{D — A)“^) —0, from which |A„,| = 

/in(|D|) ^ CX). 


Various degree of regularity of elements of A are dehned using D and \D\. The reason 
for the corresponding names will be evident in the next subsection where we shall consider 
the canonical triple associated with an ordinary manifold. To start with, a E A will be 
said to be Lipschitz if and only if the commutator [D, a] is bounded. As mentioned before 
in the dehnition of a spectral triple, in general this condition selects a dense subalgebra 
of A. Furthermore, consider the densely dehned derivation 5 on B{Ti) dehned by 


(5(T) = [|D|,T] , TeB{TL). 


(5.36) 


It is the generator of the 1-parameter group a* of automorphism of B{Ti) given by 


a,(T) = . 


(5.37) 


An element a G Al is said to be 
^^The couple {H, D) is also called a K-cycle over A. 
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1. of class C°° if and only if the map s —> as{a) is C°°. 

2. of class C"^ if and only if the map s —*• as{a) is C"^. 


Thus, a G ^ is C°° if and only if it belongs to flnsN Dorns'^. 

As will be evident from next Section, the spectral triples we are considering are really 
‘Euclidean’ ones. There are some attempts to construct spectral triples with ‘Minkowskian 

We shall not use them in these notes. 


signature’ |^, |^, 


5.5 The Canonical Triple over a Manifold 


The basic example of spectral triple is constructed by means of the Dirac operator on a 
closed n-dimensional Riemannian spin manifold {M,g). As spectral triple [A,1-1,0) one 
takes 0 

1. A = T{M) is the algebra of complex valued smooth functions on M. 

2. H = L‘^{M,S) is the Hilbert space of square integrable sections of the irreducible 

spinor bundle over M, its rank being equal to ^ The scalar product in 

S) is the usual one of the measure associated with the metric g, 

(V’,0) = J dMi’{x)(p{x), (5.38) 

with bar indicating complex conjugation and scalar product in the spinor space 
being the natural one in _ 

3. D is the Dirac operator associated with the Levi-Civita connection a; = of 

the metric g. 

First of all, the elements of the algebra A acts as multiplicative operators on 7d, 

{f'il:){x) =: f{x)'il:{x) , yfeA,'iljen. (5.39) 


Next, let (ca, a = 1,... ,n) be an orthonormal basis of vector helds which is related to 
the natural basis (9^, /r = 1,..., n) via the n-beins components e((, so that the components 
{g'^'^} and of the curved and the flat metrics respectively, are related by. 


y — ^a^b'l 


) Vab ^a^b9fJ.iy 


(5.40) 


^■^For much of what follows one could consider spin'^ manifolds. The obstruction for a manifold to 
have a spin° structure is rather mild and much weaker than the obstruction to have a spin structure. 
For instance, any orientable four dimensional manifold admits such structure Then, one should 
accordingly modify the Dirac operator in ( 5.47 ) by adding a t/(l) gauge connection A = dx^A^,. The 
corresponding Hilbert space Ti. has a beautiful interpretation as the space of square integrable Pauli-Dirac 
spinors |Q. 

^"‘The symbol [/c] indicates the integer part in k. 










From now on, the curved indices {fi} and the flat ones {a} will run from 1 to n and as 
usual we sum over repeated indices. Curved indices will be lowered and raised by the 
curved metric g, while flat indices will be lowered and raised by the flat metric g. 

The coefficients of the Levi-Civita (namely metric and torsion-free) connection of 

the metric g, defined by are the solutions of the equations 

- d^el - = 0 . (5.41) 


Also, let C{M) be the Clifford bundle over M whose fiber at a: G M is just the com¬ 
plexified Clifford algebra Clif f(£>{T*M) and r(M, C(M)) be the module of corresponding 
sections. We get an algebra morphism 

7 : r(M, C{M)) Bin) , (5.42) 

defined by 

7 (da;^) =: 7 ^(a:) = 7 “e;( , /i = l,...,n, (5.43) 

and extended as an algebra map and by Tf-linearity. 

The curved and flat gamma matrices { 7 ^(a;)} and { 7 “}, which we take to be Hermitian, 
obey the relations 


-y'^ix)Yix) + = —‘^g{dx^, dx"') = —2g^'' , /r, i/ = 1 ,..., u ; 

7 ^ 7 ^ + 7 ^ 7 “ = — 27 “^ , a, 6 = 1,..., n . (5.44) 


The lift of the Levi-Civita connection to the bundle of spinors is then 

= = + • (5-45) 

The Dirac operator, defined by 

D = 7 o V , (5.46) 

can be written locally as 

D = 7 (dx^)Vj = i^{x){df, + oj^) = 7X(^/. + • (5-47) 

Finally, we mention the Lichnerowicz formula for the square of the Dirac operator |^, 

D2 = V^ + -7?. (5.48) 

4 

Here R is the scalar curvature of the metric and is the Laplacian operator lifted to 
the bundle of spinors, 

V® = -g'“'(v;v; - , (5,49) 

with TP the Christoffel symbols of the connection. 
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If the dimension n of M is even, the previous spectral triple is even by taking for 
grading operator just the product of all flat gamma matrices, 

r = 7^+1 = , (5.50) 

which, n being even, anticommutes with the Dirac operator, 

rD + Dr = 0. (5.51) 

Furthermore, the factor ensures that 

= E , r* = r . ( 5 . 52 ) 


Proposition 5.5 

Let {A, H, D) he the canonical triple over the manifold M as defined above. Then 

1. The space M is the structure space of the algebra A of continuous functions on M, 
which is the norm closure of A. 

2. The geodesic distance between any two points on M is given by 

d{p,q) = snp{\f{p) - f{q)\ : 11 [D,/] 11 < 1} , \/p,qEM. (5.53) 

3. The Riemannian measure on M is given by 

[ f = c{n) trMlDD , V/e^, 

JM 

c{n) = ^ ^5 54^ 


Proof. Statement 1. is just the Gel’fand-Naimark theorem illustrated in Section [2^. 

As for Statement 2., from the action ( b.39| ) of A as multiplicative operators on TL, one 
hnds that 

[D, f]fi = {7'"d^f)fi , W f E A , (5.55) 

and the commutator [D, f] is a multiplicative operator as well, 

[D,f]^h‘‘BJ)=j(df) , V/e.4. (5.56) 


As a consequence, its norm is 

Il[^,/]|| = sup\{Ydf,f){YdufT\^^^ = suplY’^dJdJ* 


1/2 


(5.57) 




Now, the right-hand side of ( 5.57 ) coincides with the Lipschitz norm of / |^|, which is 
given by 

llfll -suphhhliM ( 558 ) 

d-,{x,v) • 

with the usual geodesic distance on M, given by the usual formula, 
d^{x, y) = inf^{ length of paths 7 from x to y }, 

Therefore, we have that 


\\[D,f]\ \ =sup 


\f{x)-f{y)\ 


./y d,{x,y) • 

Now, the condition ||[Zi),/]|| < 1 in ( b-53| ), automatically gives 

d{p,q) < d^{p,q) . 


(5.59) 

(5.60) 

(5.61) 


To invert the inequality sign, £x the point q and consider the function f^^q{x) = d^{x, q). 
Then ||[T*,/ 7 ,q]|| < 1, and in (|5.53|) this gives 


d{p,q) > 1/7,g(p) - f^,q{q)\ = d^{p,q) , 


(5.62) 


which, together with ( b.61|) proves Statement 2 . As a very simple example, consider 
M = IR and D = Then, the condition ||[Z1,/]|| < 1 is just sup |^| < 1 and the sup is 
saturated by the function f{x) = x + cost which gives the usual distance. 

The proof of Statement 3. starts with the observation that the principal symbol of the 
Dirac operator is 7(0) multiplication by 0 and so D is a first-order elliptic operator 
(see Appendix |]). Since any f & A acts as a bounded multiplicative operator, the operator 
f\D\~'^ is pseudodifferential of order —n. Its principal symbol is a-n(xA) = /( 3 ^)||Cir” 
which on the co-sphere bundle || 0 I = 1 reduces to the matrix f(x)l 2 ["/ 2 ], 2 K 2 ] _ 

Sx being the hbre of S. From the trace theorem. Prop |5.4|, we get 


trMlDD = 


Q^[n/2] p p 

tr{f{x)l2[r^/2])dxdi= (/ dC) f{x)dx 

nilTT}^ JM 


n{2Ti 

1 

c{n) 


IS*M 


ni 2 n 


/ 

JM 


(5.63) 


Here, Xs^-i d^ = /T{nj 2 ) is the area of the unit sphere S'" h This gives c{n) = 

2 ("-["/^]-i) 7 r"/^nr(n/ 2 ) and Statement 3. is proved. 


□ 


It is worth mentioning that the geodesic distance (|5.53|) can also be recovered from 


the Laplace operator associated with the Riemannian metric g on M |50|| . One 
has that 


d(p,g) = sup{|/(p) -/(g)| : ||/V/ 
/ 


(V /2 + / 2 v)|| < 1 }, 

2 L^{M) 


(5.64) 



























LP‘{M) being just the Hilbert space of square integrable functions on M. Indeed, the op¬ 
erator /V/ — |(V/^-|-/^V) is just the multiplicative operator by g^'^d^fd^f. Thus, much 
of the usual differential geometry can be recovered from the triple Vg), 

although it is technically much more involved. 


5.6 Distance and Integral for a Spectral Triple 

Given a general spectral triple there is an analogue of formula (|5.53|) which 

gives a natural distance function on the space 5(.4) of states on the G*-algebra A, norm 
closure of A. A state on A is any linear maps cf : A ^ € which is positive, i.e. (j){a*a) > 0, 
and normalized, i.e. 0(1) = 1 (see also Appendix The distance function on 5(.4) is 
dehned by 

d( 7 , X) =: sup{|0(a) — X(a)| : ||[Zi), a]|| < 1} , W (j),X ^ S{A) . (5.65) 


In order to dehne the analogue of the measure integral, one needs the additional notion 
of dimension of a spectral triple. 

Definition 5.4 

A spectral triple {A,H,D) is said to be o/dimension n > 0 (or n summahle) if \D\~^ is 
an infinitesimal (in the sense of Definition M) of order ^ or, equivalently, \D\ ^ is an 
infinitesimal or order 1. 


O 


Having such a n-dimensional spectral triple, the integral of any a G .4. is dehned by 

y a =: —tri_ja\D\~'^ , (5.66) 

where the constant V is determined by the behavior of the characteristic values of 
namely, fij < Vj~^ for j —>• cxo. We see that the role of the operator \D\~^ is just to 
bring the bounded operator a into £4.°°) go that the Dixmier trace makes sense. By 
construction, the integral in (|5.66|) is normalized. 


-| -I V—1 jv —1 -I 

I = ^trjD\-^ = 17 a!™ ^ = lim E “ = ^ • 

y y w—>00 N^oo 7 

^—1 T=\ J 


N-1 


7=1 


(5.67) 




The operator \D\~^ is the analogue of the volume of the space. 

In Section |6.3| we shall introduce the notion of tameness which will make the integral 
(^.661) a non-negative (normalized) trace on A, satisfying then the following relations. 


ab = J ba , W a,b G A , 
a* a > 0 , \/ a E A . 


(5.68) 
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For the canonical spectral triple over a manifold M, its dimension coincides with the 

dgenvalu 


dimension of M. Indeed, the Weyl formnla for the eigenvalnes gives for large j 

n 


hi(l^l) ~ 27r( 


VtnVolM 


(5.69) 


n being the dimension of M. 


5.7 Real Spectral Triples 


In fact, one needs to introdnce an additional notion, the one of real structure. The latter 
is essential to introdnce Poincare dnality and play a crncial role in the derivation of the 
Lagrangian of the Standard Model [^, 29]. This real structnre it may be thonght of as a 


generalized CPT operator (in fact only CP, since we are taking Enclidean signatnre). 


Definition 5.5 

Let {A,H,D) be a spectral triple of dimension n. A real strnctnre is an antilinear 
isometry J : H ^ H, with the properties 

la. = e:(n)E , 

Ih. JD = e\n)DJ , 

Ic. JV = {i^VJ ; if n is even with P the Z 2 -grading. 

2a. [a, 6°] = 0 , 

2h. [[D, a], 6°] = 0 , 6° = Jb*J* , for any a, 6 G M . 


The mod 8 periodic fnnctions e{n) and e'{n) are given by a 


E(r!) = (1,1,-1,-1,-1,-1,1,1), 
£'(n) = (1,-1,1.1,1,-1,1,1) , 


(5.70) 


n being the dimension of the triple. The previous periodicity is a manifestation of the so 
called ‘spinorial chessboard’ HI^ . 


A full analysis of the previous conditions goes beyond the scope of these notes. 
We only mention that 2a. is used by Connes to formulate Poincare duality and to de- 
hne noncommutative manifolds. The map J is related to Tomita(-Takesaki) involu¬ 
tion. Tomita theorem states that for any weakly closed *-algebra of operator M. on 
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an Hilbert space Ti which admits a cyclic and separating vector there exists a canoni¬ 
cal antilinear isometric involution J : Ti. Ti which conjugates Ai to its commutant 
A4' =: {T G B{H) \ Ta = aT , Va G namely JM.J* = Al'. As a con¬ 

sequence, M. is anti-isomorphic to Ad', the anti-isomorphism being given by the map 
M. 3 a ^ Ja*J* G A4'. The existence of the map J satisfying condition 2a. also turns 
the Hilbert space H into a bimodules over A, the bimodules structure being given by 


a ^ b =: aJb*J* ^ a,b ^ A . 


(5.71) 


As for condition 26., for the time being, it may be thought of to state that A is a 
‘generalized differential operator’ of order 1. As we shall see, it will play a crucial role 
in the spectral geometry described in Section It is worth stressing that, since a and 
6° commutes by condition 2a., condition 2b. is symmetric, namely it is equivalent to the 
condition [[D, 6°], a] = 0, for any a,b ^ A. 

If a G A. acts on as a /e/t multiplication operator, then Ja*J* is the corresponding right 
multiplication operator. For commutative algebras, these actions can be identihed and 
one simply writes a = Ja*J*. Then, condition 2b. reads [[A, a], 6] = 0, for any a,b ^ A, 
which is just the statement that A is a differential operator of order 1. 

The canonical triple associated with any (Riemannian spin) manifold has a canonical 
real structure in the sense of Dehnition ^.5| , the antilinear isometry J being given by 

.Jtlj=:C'^ , (5.72) 


where C is the charge conjugation operator and bar indicates complex conjugation 
One verihes that all dehning properties of J hold true. 


18 


5.8 A Two Points Space 


Consider a space made of two points Y = {1, 2}. The algebra A of continuous functions 
is the direct sum A = C © C and any element / G A is a couple of complex numbers 
(/i, A), with fi = f{i) the value of / at the point i. A 0-dimensional even spectral triple 
(A, 7i, A,r) is constructed as follows. The hnite dimensional Hilbert space Ti is a direct 
sum 7-f = 7-fi © 7-^2 and elements of A act as diagonal matrices 


A3 f 


f 0 

0 f2^dimH2 


G Bin). 


(5.73) 


We shall identify any element of A with its matrix representation. 

The operator D can be taken as a 2 x 2 off-diagonal matrix, since any diagonal element 

M is an involutive subalgebra of B{H), a vector ^ G H is called cyclic for M. if is dense in Ti.. 
It is called separating for At if for any T G At, the fact = 0 implies T — 0. One finds that a cyclic 
vector for At is separating for the commutant At'. If At is a von Neumann algebra, the converse is also 
true, namely a cyclic vector for M' is separating for At Q. 
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would drop from commutators with elements of A, 


D 


0 M* 
M 0 




Finally, the grading operator F is given by 


F 


UdimiTi 

0 


0 

^dimH2 


With f ^ A, one hnds for the commutator 


[B./l = (A-/i) 


0 M- 
-M 0 


(5.74) 


(5.76) 


(6.76) 


and, in turn, for its norm, 11 [D, f]\ \ = I /2 — /i | A with A the largest eigenvalue of the matrix 
\M\ = y/HdM*. Therefore, the noncommutative distance between the two points of the 
space is found to be 


d{l,2) = sup{\f 2 -fi\ : ||[F>,/]|| < 1} = ^ . (5.77) 

For the previous triple the Dixmier trace is just (a multiple of the) usual matrix trace. 

A real structure J can be given as 


J 




a 

e 


V {^,v)eni®n2 . 


(5.78) 


One checks that = E, FJ + JF = 0, DJ — JD = 0 and that all other requirements in 
the Dehnition E75| are satished. 


5.9 Products and Equivalence of Spectral Triples 

We shall briefly mention two additional concepts which are useful in general and in the 
description of the Standard Model, namely product and equivalence of triples. 

Suppose we are given two spectral triples (Mi, TYi, Di, Fi) and {A 2 ,'H 2 , D 2 ) the hrst 
one taken to be even with Z 2 -grading Fi on T^i. The product triple is the triple (M, Ti, D) 
given by 


M = Ml ®(p M2 , 

H = Hi H2 , 

D = Di ®(p E + Fi ®(p D 2 ■ (5.79) 
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From the definition of D and the fact that Di anticommutes with Fi it follows that 

— ®(p E + (Fi)^ ®(p {D^)^ + El} ®(p £*2 

= {DiY ®(|^ 11 + 11 ( 02 )^ . ( 5 . 80 ) 

Thus, the dimensions sum up, namely, if Dj is of dimension rij, that is \Dj\~^ is an 
infinitesimal of order l/uj, j = 1,2, then D is of dimension rii + 77 - 2 , that is is an 

infinitesimal of order 1/(771 + 772 ). Furthermore, once the limiting procedure Lim^^ is fixed, 
one has also that [p5[| , 

+ . ( 5 . 81 ) 

for any Tj G B{T-Lj). For the particular case in which one of the triple, say the second 
one, is zero dimensional so that the Dixmier trace is ordinary trace, the corresponding 
formula reads 

tr^{Ti®T2\D\^) = tr^{T^\D\^^)tr{T2) . (5.82) 

The notion of equivalence of triples is the expected one. Suppose we are given two 
spectral triples (+I 1 ,7-fi, Hi) and (+I 2 , ^^ 2 , H 2 ), with the associated representations vr^ : 
Aj —> , j = 1, 2. Then, the triples are said to be equivalent if there exists a unitary 

operator U : Hi H 2 such that U'Ki{a)U* = 772 ( 0 ) for any a G +I 1 , and UDiU* = D 2 . 
If the two triples are even with grading operators Fi and F 2 respectively, one requires 
also that UTiU* = F 2 . And if the two triples are real with real structure Ji and J 2 
respectively, one requires also that UJiU* = J 2 . 
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6 Noncommutative Differential Forms 


We shall now describe how to construct a differential algebra of forms out of a spectral 
triple It turns out it is useful to first introduce a universal graded differential 

algebra which is associated with any algebra A. 


6.1 Universal Differential Forms 


Let A be an associative algebra with unit (for simplicity) over the field of numbers (D 
(say). The universal differential algebra of forms is a graded algebra 

defined as follows. In degree 0 it is equal to A, = A. The space of one-forms 
is generated, as a left ^-module, by symbols of degree 6a, a E A, with relations 


6{ab) = {6a)b + a6b , \/ a,b E A . 

6{aa + fdb) = a6a + (36b , a,h E A , a,l3 E ^ . 


( 6 . 1 ) 

( 6 , 2 ) 


Notice that relation (^) automatically gives 51 = 0, which in turn implies that 5C = 0. 
A generic element uj E is a finite sum of the form 


UJ 


= ^aAbi , ai,bi E A . 


(6.3) 


The left .A-module can be endowed also with a structure of right ^-module by 

{^ai6bi)c =: ^ai{6bi)c = ^aAibic) -'^OibAc , (6.4) 


where, in the second equality we have used ( |6.1|) . The relation (|6.1|) is just the Leibniz 
rule for the map 

6 ■. A^ , (6.5) 

which can therefore be considered as a derivation of A with values into the bimodule 
The pair (5, fl^^) is characterized by the following universal property [^, [^, 


Proposition 6.1 

Let Ai be any A-bimodule and A : A ^ M. any derivation, namely any map which 
satisfies the rule (\6. 1\ ). Then, there exists a unique bimodule morphism pa : ^ Ai 

such that A = p^o 6, 


id : 




5T 

i Pa 

A : 

A - 

M 
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Pa o 5 = A . 


( 6 . 6 ) 












Proof. Notice, first of all, that for any bimodule morphism p : ^ M. the composition 

p o (5 is a derivation with values in M.. Conversely, let A : ^ ^ be a derivation; then, 
if there exists a bimodule morphism pA : ^ Ai such that A = pA o 5, it is unique. 

Indeed, the dehnition of 5 gives 


PA{Sa) = A(a) , \/ a e A , (6.7) 

and the uniqueness follows from the fact that the image of 6 generates as a left 
A-module, if one extends the previous map by 

Pa{Y1 ’ W ai,bi^ A . ( 6 . 8 ) 

i i 

It remains to prove that pA as defined in ( |6.8|) is a bimodule morphism. Now, with 
Oj, /, p G A, by using the fact that both 6 and A are derivations, one has that 


PA{f{Y.ai6bi)g) 

i 


PA{Y.fai{6bi)g) 

i 

Pa{Y1 

i i 

^ faiA{big) - ^ faAAg 

i i 

J2fai{^bi)g 

i 

f(^faiAbi)g 

i 

f{J2aAbi)g ; 

i 


this ends the proof of the proposition. 


(6.9) 


□ 


Let us go back to universal forms. The space PPA is defined as 

ffM = , 

p—times 

with the product of any two one-forms defined by ‘justapposition’, 

{ao6ai){boSbi) =: ao{6ai)bo6bi 

= Cig(5(cii6g)56i — CLoCLibboSbi . 


( 6 . 10 ) 


( 6 . 11 ) 


Again we have used the rule (|6.1|) . Therefore, elements of QPA are finite linear combina¬ 
tions of monomials of the form 


uj = aQ6ai6a2 ■ ■ ■ Sop , G A . 


( 6 . 12 ) 
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The product : QPA x QflA —>■ QP^’^A of any p-form with any g-form produces a p + g form 
and is again defined by ‘justapposition’ and rearranging the result by using the relation 

o, 

• • • 5cip) {^Clp-\-l5Qjpj^2 ' ' ' Scip^q) . CIqScIi ' ' ' (^S(lp^(lp^i5cip^2 ' ' ' ^^p-\-q 

— ^ \^^CIqCI\SQj2 * " " ^^p-\-q 

P 

+ ^(“1)^ ^aoSai • • • 5a^_i5(a^a^+i)5a^+2 ■ ■ ■ ^^p-\-q • 

i=l 

(6.13) 

The algebra is clearly a left ^-module. It is also a right ^-module, the right structures 
being given by 

(ao^Oi■■■ Sap)b =: a^Sai■■■{6ap)b 

= {—iyaoai6a2---6ap6b 

p-i 

T ^ ^ (—1)^ QjQbcLi ■ ■ ■ bcLi—iS (oj(rj_|_i)(5(rj_|_2 ■ ■ ■ bctpSb 

i=l 

+ao6ai ■ ■ ■ 6ap_i6{apb) , Vaj,6G^. (6.14) 

Next, one makes the algebra VlA a differential one by ‘extending’ the differential 6 to an 
operator : VP A VP^^A as a linear operator, unambiguously by 

S{ao6ai■■■6ap) =: Saobai■■ ■ 6ap . (6.15) 

It is then easily seen to satisfy the basic relations 

6^ = 0 , (6.16) 
6(^ujiuj 2) ~ d(uj\^u)2 T (— P)fuj\5(jj2 , eo\ G VP A , 0 J 2 G . (6.17) 


Notice that there is nothing like graded commutativity of forms, namely nothing of 
the form a;(p)a;(g) = (—l)P^a;(g)a;(p), with cup) G VP A. 

The graded differential algebra (fl^, 5) is characterized by the following universal 


property 23 


Proposition 6.2 

Let (T, A) he a graded differential algebra, T = ©pT^, and let p : A ^ be a morphism 
of unital algebras. Then, there exists a unigue extension of p to a morphism of graded 
differential algebras p : —> T, 

p: VP A —^ TP 

iA , p o S = A o p . 

pp+i 


p: VP+^A 
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(6.18) 




Proof. Given the morphism p ■. A one dehnes p : VP A —>■ by 


p((ao5ai ■ ■ ■ 5ap)) =: p(ao)A(p(ai)) ■ ■ ■ A(p(ap)) . (6.19) 


This map is uniquely dehned by p since VP A is spanned as a left ^-module by the 
monomials ao6ai ■ ■ ■ 6ap. Next, identity (|6.13|) and its counterpart for the elements p{ai) 
and the derivation A ensures that products are send into products. Finally, by using 
(|6.15|) and the fact that A is a derivation, one has 


{p o 5) (ao^ai ■ ■ ■ Sop) = p(5ao^ai ■ ■ ■ (Jup) 

= Ap(ao)A(p(ai))---A(p(ap)) 

= A((p(ao))A(p(ai))---A(p(ap)) 

= (A o p)(ao5ai ■ ■ ■ <5ap) , (6.20) 

which proves the commutativity of diagram (|6.18|), p o S = A o p. 


□ 


The universal algebra is not very interesting from the cohomological point of 
view. From the very dehnition of 5 in (|6.15|) , it follows that all cohomology spaces 
IIP(VlA) =: Ker{6 : VP A —> VP^^A)/Im{5 : VP~^A G^^) vanish, but in degree 
zero where H^{VlA) = C. 


We shall now construct explicitly the algebra in terms of tensor products. Firstly, 
consider the submodule of ^ (8)(p ^ given by 

ker{m : A ®(p A ^ A) , m(a ®(p b) = ab . (6.21) 

This submodule is generated by elements of the form 1 (8)(p a — aG)(p 1 with a ^ A. Indeed, 
if Y. G)([;; h) = 0, then Y h = Y ®i(l G)(p h — bi 1). Furthermore, 

the map A : A ^ ker{m : ^ (8)(p A^ A) dehned by Aa =: 1 ®(p a — a ®(p 1, satishes the 
analogue of ( |6.1|) , A{ab) = {Aa)b + aAb. There is an isomorphism of bimodules 

~ ker{m : A ®(p A^ A) , Sa 1 ®([;; a — a 1 , 

or ^ aAbi ■ (6-22) 

By identifying with the space ker{m : A®^ A ^ A) the differential is given by 

5 ■. A ^ , 5a = 1 a — a 1 . (6.23) 

As for forms of higher degree, one has then, 

GM ~ (g)^ • • • (8)^ GM C • ®(p GM , 

' '' ^ '-V-' 

(p+l)-times 

ao5ai(5a2 ■ ■ ■ Sop ao(l ®(p ai — oi ®(p 1) (1 (gi(p Op — Op ®(p 1) , 

Ok E A . (6.24) 
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The multiplication and the bimodule structures are given by, 

(cUl ^p) ' (^p+l ‘ ' ' ^p+q) • ^1 ' ‘ ' ^p+q ) 

a - {ui®_A---®_A ^p) =■ (a^^i) ®A - ■ ■ ®A^p , 

(cui • • • ®A ^p) ■ a ='■ oJi ®A • • • , V cUj G , a G ^ . (6.25) 

The realization of the differential 5 is also easily found. Firstly, consider any one-form uj = 
Z) Oi ^(C h = J2 Oi(l ^(C h — bi 1) (since Z O'ih = 0). Its differential 5uj G 
is given by 

5u =: ^(1 (g)(p tti - tti (g)(p 1) (g)^ (1 (g)(p bi - bi (g)(p 1) 

= (8)(p tti (g)(p bi — tti (g)(p 1 (g)(p bi — tti (g)(p bi (g)(p 1 . (6.26) 

Then <5 is extended by using Leibniz rule with respect to the product (g)_ 4 , 

p 

5(cc;i (g)^ ■ • • ®A ^p) =• ^p ’ V cUj G . (6.27) 

i=l 

Notice that even if the algebra is commutative fh and hf are different with no relations 
among them (there is nothing like graded commutativity). 

Finally, we mention that if A has an involution *, the algebra VlA is also made an 
involutive algebra by dehning 


((5a)* =: 

1 

* 

V a G A 

(6.28) 

{ao6ai ■ ■ ■ 6ap)* =: 

{bapY ■ • 

a*p6al_^ 

' ■ ((5ai)*ao 

■■5al. (6.29) 


i=0 


6.1.1 The Universal Algebra of Ordinary Functions 

Take A = with J^{M) the algebra of complex valued, continuous functions on a 

topological space M, or of smooth functions on a manifold M (or some other algebra of 
functions). Then, identify (a suitable completion of) A,(g)(p- • •^(p A with JF(M x ■ ■ ■ x M). 
If / G A, then 

Sf{xuX 2 ) =: (1 (g)(p / - / (g)(p l){xi,X 2 ) = f{x 2 ) - f{xi) . (6.30) 

Therefore, can be identihed with the space of functions of two variables vanishing on 
the diagonal. In turn, VL^A is identihed with the set of functions / of p -|- 1 variables van¬ 
ishing on contiguous diagonals: /(xi, • • •, Xk-i-, x, x, Xk+ 2 , ■ ■ ■, Xp+i) = 0. The differential 
is given by, 

p+i 

5f{xi, - ■ -Xp+i) =: ^{-lf~^f{xi,---,Xk-i,Xk+iA-AXp+i) . (6.31) 

k=l 
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The ^-bimodule structure is given by 


■ ■ -Xp+i) =: g{xi)f{xi, ■ --Xp+i) , 

{f 9 ){xu---Xp+i) =: f{xi,---xp+i)g{xp+i) , (6.32) 

and extends to the product of a p-form with a g-form as follows, 

ifh)ixi, ■ --Xp+q) =: f{xi, ■ ■ ■ Xp+i)h{xp+i, ■ ■ ■ Xp+g) , (6.33) 

Finally, the involution is simply given by 

f*{xi,---Xp+i) = {f{xi,---Xp+i))* . (6.34) 


6.2 Connes’ Differential Forms 

Given a spectral triple (.4., 7i, D), one constructs an exterior algebras of forms by means of 
a suitable representation of the nniversal algebra in the algebra of bonnded operators 
on Ti. The map 


n-.QA —^ Bin) , 

7r(ao(5ai ■ ■ ■ Sap) =: ao[D, Oi] ■ ■ ■ [D, a^] , aj G A , (6.35) 

is clearly a homomorphism since both S and [D, ■] are derivations on A. Fnrthermore, 
since [D,a]* = —[D,a*], one gets 7 i{uj)* = 7 i{u*) for any form u G and tt is a *- 
homomorphism. 

One conld think of defining forms as the image 7r(04l). This is not possible, since in 
general, 7r(a;) = 0 does not imply that tt(( 5a;) = 0. Snch nnpleasant forms u for which 
7r(a;) = 0 while n{Su) ^ 0 are called junk forms. They have to be disposed of in order 
to constrnct a trne differential algebra and make tt into a homomorphism of differential 
algebras. 


Proposition 6.3 

Let Jq =: ©pJo be the graded two-sided ideal of QA given by 

Jq =: {o’ G kl^A, Tr{oj) = 0 } . (6.36) 

Then, J = Jq + SJq is a graded differential two-sided ideal of QA. 


Proof. It is enongh to show that J is a two-sided ideal, the property (5^ = 0 implying that 
it is differential. Take o; = a;i -|- Suj 2 G J^, with a;i G , a ;2 G If ?7 G Vt^^A, then 

UT] = uiT] -\- { 6002)9 = ^iV + S{o} 2 'n) - {-l)^~^oj 26 r] = {uiT] - {-l)P~^U25r]) -\-5{uj2r]) G 
Analogonsly, one finds that rjoj G 
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□ 

Definition 6.1 

The graded differential algebra of Cannes’ forms over the algebra A is defined by 

TIdA =: VtA/J ~ T^{ytA)/T^{5Jo) . (6.37) 

O 

It is naturally graded by the degrees of VlA and J, the space of p-forms being given by 

nfjA = ^WA/r . (6.38) 

Being J a differential ideal, the exterior differential 5 defines a differential on VLbA, 

d : n^j^A , 

d[uj] =: [(5ci;] , (6.39) 

with u G QPA and [cu] the corresponding class in VfifiA. 

Let us see more explicitly the structure of the forms. 

• 0-forms. 

Since we take .4, to be a subalgebra of B(fH), we have that J fl = Jo H 4, = {0}. 
Thus C.%A ~ A. 

• 1-forms. 

We have J fl 12^ Jl = Jo H 12^ Jl -|- Jo H f2°4, = Jo fl 12^ Jl. Thus, Vt\)A ~ 7r(f2^ Jl) and 
this space coincides with the Jl-bimodule of bounded operators on 7J of the form 

uji = ^a^[Z2,a{] , a| G Jl . (6.40) 

j 

• 2-forms. 

We have J fl Vf^A = Jo H VBA -I- Jo H 12^4,. Thus, VLf)A ~ 7r(r2^Jl)/7r((5(jo H 12^4,)). 
Therefore, the Jl-bimodule VffiA of 2-forms is made of classes of elements of the 
kind 

^2 = ^a^[D,ai][Z2,a^] , aj G Jl , (6.41) 

j 

modulo the sub-bimodule of operators 

{ yiAiiJllB.Ml : 14 A, Y.4,ID,4]^0 }■ (6.42) 

j j 
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• p-forms. 

In general, the ^-bimodule of of p-forms is given by 

QPjA ~ 7i{nPA)/7i{6{jo n , (6.43) 

and is made of classes of operators of the form 

^P = Y.^o[D,a{][D,ai]---[D,al] , al E A , (6.44) 

j 

modulo the sub-bimodule of operators 

{ Y.\DX]\DA]---\D,li-i] : i:i4|D,i>il-"P,i4-,l=0 }. (6.45) 

3 3 


As for the exterior differential (|6.39|) it is given by 


d 


Y,ao[D,a{][D,a^p]---[D,a^p] 




(6.46) 


6.2.1 The Usual Exterior Algebra 


The methods of previous Section, when applied to the canonical triple over an ordinary 
manifold, reproduce the usual exterior algebra over the manifold. Consider the canonical 
triple (A, 7i, D) on a closed n-dimensional Riemannian spiU manifold M as described 
in Section b-5l We recall that A = T{M) is the algebra of smooth functions on M; 
7i = L‘^{M,S) is the Hilbert space of square integrable spinor helds over M; D is the 
usual Dirac operator as given by (|5.47|) . We see immediately that, for any f E A, 


7r(^/) =: [D,f] = = 7(dM/) , 


(6.47) 


where 7 : r(M, C'(M)) —> B{H) is the algebra morphism dehned in (|5.43|) and dM 
denotes the usual exterior derivative on M. In general, with fj E A, 


7r(/o(5/i... 6fp) =: /o[D, /i] ... [D, fp] = 7(/odM/i ■ • • • ■ dj^fp) , 


(6.48) 


where now the differentials dMfj are regarded as sections of the Clifford bundle C'i(M) 
(while fj can be thought of as sections of Co(M)) and the dot ■ denotes Clifford product 
in the hbers of C{M) = ©fcCfc(M). 

Since a generic differential 1-form on M can be written as Y,j fodMfi with /q, /i € A, 
using (|6.47|) we can identify Connes’ 1-forms Vl\)A with the usual differential 1-forms 
AHM), 

D]5A~A^(M). (6.49) 
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To be more precise, we are really identifying the space Vt\)A with the image in B(H), 
through the morphism 7 , of the space A^(M). 

Next, we analyze the junk 2-forms. For f ^ A, consider the universal 1 -form 

(6.50) 

whose universal differential is 6 a = 6f6f. One easily hnds that 


7r(a) = - {d^f)f) = 0 , 

n{6a) = + YY)df,fd^f = -g^‘'dJd^fl 2 ir^/ 2 ] ^ 0 ;(6.51) 


here we have used (|5.44|) , being the components of the metric. We conclude that the 
2 -form 6 a is a junk one. A generic junk 2 -form is a combination (with coefficients in A) 
of forms like the one in ( |6.50|) . As a consequence, we infer from expression (|6.51|) that 
7 i{6{Jo n is generated as an ^-module by the matrix ll 2 ["/ 2 ]- On the other side, if 

/15 /2 £ *4, we have that 


lidMfi ■ dufi) 


- YinB.fAk + + YY)S,fdJ 

7(c^m/i a dM/ 2 ) - g{dMfi, (iM/ 2 )ll 2 [~/ 2 i • (6.52) 


Therefore, since a generic differential 2-form on M can be written as a sum J2j A 

dMfi) with foyfiyfi G A, by using ( |6.51| ) and (|6.52| ), we can identify Connes’ 2 -forms 
VL^£)A with the image through 7 of the usual differential 2-forms A^(M), 


Q}dA ~ A2(M) . 


(6.53) 


The previous identideations can be made a general fact and one can identify (through the 
map 7 ) 

QFj^A ~ NP{M) . (6.54) 

In particular, VPj^A = 0 if p > dimM. To establish such an identiheation, we need some 
additional facts from Clifford bundle theory which we take from |^. 

For each m E M, the Clifford algebra Cm{M) has a natural hltration, Cm{M) = IJ C^\ 
where is spanned by products ■ ^2 • • • • • k < p, Q E T^M. There is a natural 
graded algebra 

grC^ =: ^ gr,C^ , gr,C^ = , (6.55) 

p 

with a natural projection, the symbol map, 

^ grpCm . (6.56) 
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The graded algebra ( 6.55|) is canonical isomorphic to the complexified exterior algebra 
A(p(T^M), the isomorphism being given by 


A ^2 A . . . A >■ (Tpi^i ■ ^2 '■■■ ' ^p) £ Qf'pCn 


(6.57) 


Proposition 6.4 

Let {A, H, D) he the canonical triple over the manifold M. Then, a pairTi,T 2 of operators 
on H is of the form Ti = n{uj) , T 2 = 7i{6uj) for some universal form oj G OLA, if and 
only if there are sections pi of and p 2 q/(^(p+i)^ sttc/i that 

Tj = 7(Pi) , j = 1,2 , 

dMO-p(pi) = crp+i(p2) • (6.58) 


Proof. If a; = foSfi... 6fp, the identities Ti = 7r(a;) = 7(/o5/i... (5/p) and T 2 = 7r(a;) = 
liSfoSfi ... 5fp) will implies that pi = fodufi ■ ■■■■ dj^fp , P 2 = dAf/o ■ dj^ifi ■ ■■■■ dj^fp, 
and in turn ap(pi) = fodufi A ... A dMfp , (Tp+i{p 2 ) = ^m/o A dj^fi A ... A dj^fp, and 
finally dM(yp{pi) = (yp+i{p 2 )- 

Conversely, if pi G r(C'‘^^^) and p 2 G r(C(^’''^)) are such that dM<Jp{pi) = (Tp+i(p 2 ), 
then p 2 is determined by pi up to an ambiguity in r(C'‘^^^). One can therefore suppose 
that Pi = 0, P 2 £ r(C^). So one needs an universal form uj G PP~^A such that 7r(a;) = 
0, n^duj) = 7 (p 2 ). Consider uj' = ^{fo5fo-5fofo)5fi ... 5fp. Then 7r(a;') = 0 and n{6uj') = 
l{-\\dMfo\f dMfi ■ • •. ■ dMfp- Since terms of the type |Mm/oI■ • • • ■ dMfp generate 
r((7^^)) as an Tf-module, one can find a universal form 00 G VP~^A with vr(a;) = 0 and 
7r((5a;) = 7 (^ 2 ) where p 2 is any given element of r(C(^^). 


□ 


Proposition 6.5 

The symbol map ap gives an isomorphism 

ap : nf)A —^ r(A^T*M) , (6.59) 

which commutes with the differential. 


Proof. Firstly, one identifies TT{Vff’A) with r(C'*'^^) through 7. Then, the previous Propo¬ 
sition shows that 7r(5(Jo fl 0^“^Al)) = kerap. If p G r(C^^^) with (Jp(p) = 0, then 
Pi = 0 and P 2 = p fulfill the condition of Proposition |6.4| and there exists an a; G VP~^A 
such that p = TT{duj) and vr(a;) = 0. Finally, one observe that from the definition of the 
symbol map, if pj G F(C^-’'), j = 1,2, then 

(^Pi+P2{Pip2) = t^pi(pi) A cTp2(p2) G F(Ag+^"T*M) . (6.60) 
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As a consequence, the symbol maps cXp combine to yield an isomorphism of graded algebras 

cTp : nn{C^{M)) T{A^T*M) , (6.61) 

which is also an isomorphism of C“(M)-modules. 


□ 


6.2.2 Again the Two Points Space 


As a very simple example, we shall now construct Connes’ exterior algebra on the two 
points space Y = {1,2} with the 0-dimensional even spectral triple {A,H,D) construct 
in Section We already know that the associated algebra A of continuous function 
is the direct sum A = C © C and any element / G A is a couple of complex numbers 
(/i, / 2 ), with fi = f{i) the value of / at the point i. 


As we saw in Section |6.1.1| , the space of universal 1-forms can be identihed with 
the space of functions on Y x Y which vanish on the diagonal. Since the complement of 
the diagonal in T x T is made of two points, namely the couples ( 1 , 2 ) and ( 2 , 1 ), the 
space is 2-dimensional and a basis is constructed as follows. Consider the function e 
dehned by e(l) = 1, e( 2 ) = 0; clearly, (1 — e)(l) = 0, (1 — e)( 2 ) = 1 . A possible basis for 
the 1 -forms is then given by 


e^e , (1 — e)(5(l — e) . (6.62) 

Their values being given by 

(e5e)(l,2) = -l, ((1 - e)5(l - e))(l, 2 ) = 0 

(e5e)(2,1) = 0 , ((1 - e)5(l - e))(2,1) = -1 . (6.63) 

Any universal 1-form a G will be written as a = Xe6e + /x(l — e)(5(l — e), with 
A, /i G C. As for the differential, 5 : A —> fl^A, it is essentially a hnite difference operator. 
For any / G A one hnds that 


Sf = (/i - f^ebe - (/i - / 2)(1 - e)5(l - e) = (/i - f^be . (6.64) 

As for the space VA’A of universal p-forms, it can be identihed with the space of functions 
of p + 1 variables which vanish on contiguous diagonals. Since there are only two possible 
strings giving nonvanishing results, namely ( 1 , 2 , 1 , 2 , • • •) and ( 2 , 1 , 2 , 1 , • • ■) the space fl^A 
is two dimensional as well and a possible basis is given by 

e{beY , {l-e){b{l-e)Y . (6.65) 

The values taken by the hrst basis element are 

(e(<5e)^)(l,2,l,2,---) = ±l, (6.66) 

(e(5e)^)(2,l,2,l,---) = 0; (6.67) 
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in (|6.66|) the plus (minus) sign occurs if the number of contiguous couples (1, 2) is even 
(odd). As for the second basis element we have 


((l-e)(h(l-e))^’)(l,2,l,2 ,---)=0 , (6.68) 

((1 - e)(h(l - e))^’)(2,1, 2,1, • • •) = ±1 , (6-69) 


in (|6.69|) the plus (minus) sign occurs if the number of contiguous couples (2,1) is even 
(odd). 


We pass now to Connes’ forms. We recall that the hnite dimensional Hilbert space 
7-f is a direct sum Ti = Hi (B ^ 2 ] elements of A act as diagonal matrices A 3 f ^ 


diagifAdimHi, f2^di7nH2)', D is an off diagonal operator 
It is immediate to hnd 


0 M* 
M 0 


, iff G Liin{T~li^H2) 


7 r(e^e) =: e[A>,e] = ^ ^ 

7 r((l - e)5(l - e)) =: (1 - e)[D, 1 - e] = 


(6.70) 


and the representation of a generic 1-form a = Xe6e -1- /i(l — e)^(l — e) is given by 


7 r(a) 


0 AM* 
jjiM 0 


As for the representation of 2-forms one gets, 


(6.71) 


ir(e6e6e) =: e[D,e][C,e] = ^ ^ , 

7 r((l — e)(5(l — e)(5(l — e)) =: (1 — e)[iA, 1 — e][D, 1 — e] 


0 0 
0 -MM* 


(6.72) 


In particular the operator 7r{6a) is readily found to be 


7i{Sa) 


— (A /i) 


M*M 0 
0 MM* ’ 


(6.73) 


from which we infer that there are no junk 1-forms. In fact, there are no junk forms what¬ 
soever. Even forms are represented by diagonal operators while odd forms are represented 
by off diagonal ones. 


6.3 Scalar Product of Forms 


In order to dehne a scalar product for forms, we need another dehnition which was intro¬ 


duced in [101 
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Definition 6.2 

An n-dimensional spectral triple {A,H,D) is defined to be tame if, for any T G 7r(f2^) 
and S G BifH), one has that 

tr^{ST\D\-^) = tr^{S\D\-^T) , (6.74) 

with tr^ denoting the Dixmier trace. 


From tameness and the cyclic property of tr^, the following three traces coincides and 
can be taken as a definition of an inner prodnct on TrifiVA), 

(Ti,T2)p =: tr^{TlT2\D\^) = tr^{Tl\D\^T2) = tr^{TfiD\^Tl) , V G . 

(6.75) 

Forms of different degree are defined to be orthogonal. In particnlar, for p = 0 one gets 
a positive trace on A as it was allnded to at the end of section |^ . 

Let now Tip be the corresponding completion of n^Q^A). With a E A and Ti,T2 G 
tt{VPA) , we shall get 

(aTi, aT2)p = tr,^{Tla*\D\^aT2) = tr^{T2\D\^Tla*a) , (6.76) 

(Tia,T2a)p = tr^{a*Tf\D\^T2a) = tr^{araTl\D\^T2) . (6.77) 

As a conseqnence, the nnitary gronp U (.4.) of A, 

IA{A) ='. {u E A \ u*u = uu* = 1} , (6.78) 

has two commuting unitary representations L and R on Tip given by left and right mul¬ 
tiplications. Now, being 7i{6{Jo fl a submodule of 7r(r2P4l), its closure in Hp is 

left invariant by these two representations. Let Pp be the orthogonal projection of Tip, 
with respect to the inner product ( |6.75|) , which projects onto the orthogonal complement 
of 7r((5(Jo n r2^“M)). Then Pp commutes with L(a) and R{a), if a G U{A) and so for 
any a E A. Define Pp = PpHp; this space also coincides with the completion of the 
Connes’ forms VfifiA. The left and right representations of A on Pp reduce to algebra 
representation on Pp which extend the left and right module action of A on VfifiA. 


As an example, consider again the algebra A = C°°{M) and the associated canonical 
triple {A, P, D) over a manifold M of dimension n = dimM. Then, one one can prove 
that this triple is tame ||101||. Furthermore, 


Proposition 6.6 

With the canonical isomorphism between Q^A and F(A(pT*M) described in Sec. \6. 2. % 
the inner product on VfifiA is proportional to the Riemannian inner product on p-forms, 

2[n/2]+l-n^-n/2 » 

(o;i,o;2), = ^ F(AcT*M) . (6.79) 
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Proof. If T G PPA and p G r(C^), with 7r(T) = 7(p), we have that Pp7i{T) = 7(0;) G Hp, 
with uj the component of p in T{C'^ 0 Using the trace theorem |5.4| , we get 


( 7 (^ i ), 7 (^ 2 ))„ = tr^{u;lu;2\D\ 


n(27r)"- Js*M 
1 


n(27r 

2l-n^-n/2 


frcr_„(7(a;i)*7(a;2)|U>| *") 
( / , ^0 / tr(7(a;i)*7(o^2)da: 

fr(7(a;i)*7(cn2))dx 
cui A* a;2. 


nr(n/2) Jm 

9[n/2]+l-n_-n/2 

- 


nr(n/2) Jm 

The last eqnality follows from the explicit (partially normalized) trace in the spin repre¬ 
sentation. Indeed, 


UJ 


i = A • ■ ■ A j = 1, 2 , 


J p! /ii-'Mp 

7(wj) = A ■ ■ ■ A 7^^^ = ■ ■ • e^^7“i A • ■ ■ A 7“0 ^ 

fr(7(o.i)*7(o^2)) = (-l)"2[’^/2la;W*^^a;g) 

from which one gets tr{'y{uji)*'y{uj 2 ))dx = (—l)^2["'/^]a;i A* UJ 2 ■ 


(6.80) 


□ 
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7 Connections on Modules 


As an example of the general situation, we shall start by describing the analogue of 
‘electromagnetism’, namely the algebraic theory of connections (vector potentials) on a 
rank one trivial bundle (with hxed trivialization). 


7.1 Abelian Gauge Connections 

Suppose we are given a spectral triple {A,H,D) out of which we construct the algebra 
QdA = of forms. We shall also take it to be tame and of dimension n. 

Definition 7.1 

A vector potential V is a self-adjoint element of Vl\)A. The corresponding field strength 
is the two-form 9 G flj^A defined by 


9 = dV + . 


(7.1) 


O 

Thus, V is of the form V = cij[T>,bj], aj,bj ^ A with V self-adjoint, V* = V. 
Notice that, although V can be written in several ways as a sum, its exterior derivative 
dV G Qf)A is dehned unambiguously, though, again it can be written in several ways as 
a sum, dV = J2j[D,aj][D,bj], modulo junk. The curvature 9 is self-adjoint as well. It is 
evident that is self-adjoint if V is. As for dV, we have. 


dV - {dvy = Y10,a,][D,h,]-Y.[D,b'i\[D,a'^ . (7.2) 

3 3 

On the other side, from V* = — Y.j[D, 6*]a* = — Y.j[D^ b*a*\-^Y.j b*j[D^ a*] and V—V* = 0, 
we get that the following is a junk 2-form, 

= dV - dV = Zlr,ajllD,by - ZID,b-l[D,a-l . (7.3) 

3 3 


But j 2 is just the right-hand side of ([f.2|), and we infer that, modulo junk forms, dV = 

{dvy. 


Definition 7.2 

The unitary group U (A) acts on the vector potential V with the usual affine action 

{V,u) — =:uVu*+u[D,u*] , ueU{A). (7.4) 
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The curvature 9 will then transform with the adjoint action, 
r = dV^ + {V^f 

= duVu* + udVu* — uVdu* + du[D, u*] + uV‘^u* + 

+ uV[D, u*] + u[D, u*]uVu* + u[D, u*]u[D, u*] 

(7.5) 

(7.6) 


= u{dV + V^)u* , 


namely 


(0, u) —> 0“ = u9u* , u eU (^) . 

We can now introduce the analogue of the Yang-Mills functional. 


Proposition 7.1 

1. The functional 

YM{V) =: (^dV+ V^,dV+ V^)^ , (7.7) 

is positive, quartic and invariant under gauge transformations 

V—^ =: uVu*+ u[B,u*] , ueB(A). (7.8) 

3. The functional 

I{a) =-. tr^{7i(5a + a‘^)Y\D\~‘^) , (7.9) 

is positive, quartic and invariant on the space {a G | a = a*}, under gauge trans¬ 
formations 

a —> =: uau* -f u5u* , u G U{A) . (7-10) 


3. 


YMiV) = inf {/(a) | 7r(a) = V} . 


(7.11) 


Proof. Statements 1. and 2. are consequences of properties of the Dixmier trace for a 
tame triple and of the fact that both dV -|- and Sa + o? transform ‘covariantly’ under 
gauge transformation. As for statement 3., it follows from the nearest-point property of 
an orthogonal projector: as an element of 7-f2, dV P is equal to P{7i{6a + a^)) for any 
a G such that 7r(Q:) = Y. Since the ambiguity in 7i{6a) is exactly vr((5(Jo fl 
one gets 3. 


□ 

Point 3. of Prop. 0 just states that the ambiguity in the definition of the curvature 
6 = dV -|- Y^ can be ignored by taking the infimum YM{V) = Inf {tr^6‘^\D\~'^} over 
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all possibilities for 9 = dV + 1/^, the exterior derivative dV = ag][Zi), a{] being 

ambiguous. 

As already mentioned, to consider the module ^ is just the analogue of of con¬ 
sidering a rank one trivial bundle with hxed trivialization so that one can identify the 
section of the bundle with the complex-valued functions on the base. 


7.1.1 The Usual Electromagnetism 


For the canonical triple {A,7d,D) over the manifold M, consider a 1-form V G A^(M) 
and a universal 1-form a G 12^.4. such that ai{7i{a)) = V. Then a2{7i{Sa)) = dj^V. From 
proposition for any two such o’s, the corresponding operators 7i{Sa) differ by an 
element of 7r(5(Jo fl 12^.4.) = kera 2 - Then, by using (|6.79|) 


YMiV) 


inf {1(a) I 7r(a) = V} = {dMVAMV)^ 

2[n/2]+l-n^-n » 

nT(u/2) 


which is (proportional to) the usual abelian gauge action. 


(7.12) 


7.2 Universal Connections 

We shall now introduce the notion of connection on a (hnite projective) module. We 
shall do it with respect to the universal calculus 12^ introduced in Section as this is 
the prototype for any calculus. So, to be precise, by connection we really mean universal 
connection although we drop the adjective universal whenever there is no risk of confusion. 

Definition 7.3 

A (universal) connection on the right A-module £ is a ^-linear map 

W-.£®a^^-A — >£®a^^^^A, (7.13) 

defined for any p >0, and satisfying the Leibniz rule 

V{ujp) = {Vuj)p + {-l)PujSp , V a; G ^ , p e klA . (7.14) 

O 

In this dehnition, the adjective universal refers to the use of the universal forms and to the 
fact that a connection constructed for any calculus can be obtained by a universal one via 
a projection much in the same way as any calculus can be obtained from the universal one. 
In Proposition ^.1| we shall explicitly construct the projection for the Connes’ calculus. 
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A connection is completely determined by its restriction 'W \ £ ^ £ which satisfy 

V(? 7 a) = {'Vr])a + r] ( 8)_4 6a , 'i r] e £ , a e A . (7-15) 


This is then extended by using Leibniz rule (|7.14|) . 


Proposition 7.2 

The composition = V o V : ( 8 )yi Vff’A —£ ( 8 )^ VP^'^A is VtA-linear. 


Proof. By condition ([f.l4|) one has 


V^{ujp) = V {{Vuj)p+{-lYu6p) 

= {y^uj)p + (-If+^(Vo;)5p + (-If (Vo;)5p + ujS^p 

= (VMp- 


(7.16) 


The restriction of to £ is the curvature 


□ 


e:£^£^A £>‘‘^A 


(7.17) 


of the connection, 
satishes 


By ( [f.l4|) it is .4,-linear, 9{pa) = 9{p)a for any p E £, a E A, and 
V^(r 7 ( 8)_4 p) = 9{p)p , y p E £ , p E £lA . (7-18) 


Since £ is projective, any ^-linear map : £ ^ £ £^A can be thought of as a matrix 

with entries in VlA or as an element in EndA£ In particular, the curvature 9 can 

be thought of as an element of EndA£ £I^A. Furthermore, by viewing any element of 
EndA£ £tA as a map \ £ ^ £ VlA, the connection V on determine a connection 
[V, ■ ] on EndA£ by 


[V, ■ ] : EndA£ ®A ^ EndA£ ®a ^^^^A , 

[V, a]=:VoQ; — ooV, y a E EndA£ ®a £i£A. (7-19) 


Proposition 7.3 

The curvature 9 satisfies the following Bianchi identity, 

[V,0]=O. (7.20) 


Proof. Since 9 : £ ^ Q.'^A, the map [V, 9] makes sense. And, [V, 0] = V o o V = 

V3 - = 0 . 
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□ 

Connections always exists on a projective module. Consider, to start with, the case 
of a free module E = (8)(p A ~ . Forms with values in ®(p A can be identified 

canonically with 

~ {ElA)^ . (7.21) 

Then, a connection is given by the operator 

Vo = I ® : C^ (8)(C ^ C^ ®(p QP+^A . (7.22) 

If we think of Vq as acting on (hl^)^ we can represent it as the operator Vq = (5, 5, • • •, 5) 
(A^-times). 

Consider then a generic projective module T, and let p : C'^ A ^ £ and A : T —> 
C^ (8)(P Al be the corresponding projection and inclusion maps as in Section |4.2| . On £ 
there is a connection Vo given by the composition 

^ ^ ^ (7.23) 

where we use the same symbol to denote the natural extension of the maps A and p to 
£^-valued forms. The connection defined in ( [f.23| ) is called the Grassmann connection and 
is explicitly given by 

Vo = p o (E ® ^) o A . (7.24) 

In the following, we shall simply indicate it by 

Vo = p6. (7.25) 


In fact, it turns out that the existence of a connection on the module £ is completely 
equivalent to its being projective . 


Proposition 7.4 

A right module has a connection if and only if it is projective. 


Proof. Consider the exact sequence of right Al-modules 

0 —^ ^ £ —^0, (7.26) 

where j{pSa) = p®a — pa(8)l and m{p ® a) = pa] both these maps are (right) bi¬ 
linear. Now, as a sequence of vector spaces, ([7.26|) admits a splitting given by the section 
Sq{p) = ?7 (g) 1 of m, m o sg = id^. Furthermore, all such splittings form an affine space 
which is modeled over the space of linear maps from the base space £ to the subspace 
j{£®j\££A). This means that there is a one to one correspondence between linear sections 
s -. £ ^ £ ®(p bl of m { mo s = idg ) and linear maps V : £ ^ £ (giyi hl^bl given by 

■s = so+joV, s(p) = p 0 1j(Vp) , Wpe£. (7.27) 
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Since 

s{ria) — s{ri)a = 77 a® 1 — r/ ® a + j(V{rja)) — j(V(? 7 ))a = jiVijia) — V{ri)a — r]5a) , (7.28) 

and j being injective, we see that V is a connection if and only if s is a right ^-module 
map, 

W{rja) — W{rj)a — ri5a = Q s{ria) — s{ri)a = 0 . (7.29) 

But such module maps exists if and only if S is projective : any right module map 
s : £ ^ S A such that m o s = Ef identifies £ with a direct summand of the free 
module £ A, the corresponding idempotent being p = s o m. 


□ 


The previous proposition also says that the space CC{£) of all universal connections on 
£ is an affine space modeled on Endj\^ Indeed, if Vi, V 2 are two connections on 

£, they difference is ^-linear, 

(Vi - V 2 )(pa) = ((Vi - V 2 )(p))a , pe£,aeA, (7.30) 

so that Vi — V 2 € Endj, By using ([7.25| ) and ( |7.49|) any connection can be 

written as 

V = + a , (7.31) 

where a is any element in M_ 4 (^) such that a = ap = pa = pap. The matrix 

of 1-forms a as in ( [f.31|) is called the gauge potential of the connection V. For the 
corresponding curvature 6* of V we get 


9 = p5a -f -f p5p5p . 

Indeed, 

9{p) = 'V‘^{p) = {p6 + a){pSp + ap) 

= p5{p5p) + p6{ap) + ap5p + a^p 
= p5{p6p) + p6ap + a^p 
= {p5p5p + pda + a‘^){p) , 

since, by using pp = p and p^ = p, one has that 

p6{p6p) = pd{p6{pp)) 

= p5{p5pp + p5p) 

= pdpdpp — p6p6p + p6p6p 

= pdpSpp . 


(7.32) 


(7.33) 


(7.34) 


With any connection V on the module £ there is associated a dual connection V' on 
the dual module £'. Notice hrst, that there is a pairing 


{■,-):£'x£ — ^A, (0,p)=:0(p), 


(7.35) 
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which, due to (|4.19|) , with respect to the right-module structures, has the following prop¬ 
erty 

{(j) ■ a,r] ■ b) = a*{(l), r])b , W cj) & £' ,r] E E,a,b G A . (7.36) 

Therefore, it can be extended to maps 

(•, ■) : £' X £ —^ A , {(j) - a,T]) = r]) , 

{■,■):£'X £ ^yi^QA — >A, ■ f3) = {(j),r])f3 , (7.37) 

for any (j) E E'^rj E £] a, (3 E 

Let us suppose now that we have a connection V on The dual connection 

V :£' ^ £' ®A ^^A , (7.38) 

is defined by 

5((/., rj) = -(W, v) + (0, Vv) , V 0 e r/ e T . (7.39) 

It is easy to check right-Leibniz rule 

V'(0 • a) = (V»a + 0 5a , y (j)E £' ,aE A . (7.40) 

Indeed, for any (p E £',a E A,ri E £, 

S{(j)-a,r]) -- 

6a*{(p,T]) + a*6{(p,T]) -- 

Sa*{(j), rf) — a*6{'V'(j), rj) -- 

{(j)®ASa,r]) + ■ a,r]) - 


-(V'(0 

a),r]) + {(j)-a,V7]) = 

by 

7.36 

-(V'(0 

a),T]) + a*{(p,VT]) = 

by 

|CT 

-(V'(0 

a),T]) = 

by 

|6.28 

-{V{<p 

a),r]) = 

by 

17.37 

(V'(0-a 

),v) , 




from which (|7.40 ) follows. 


7.3 Connections Compatible with Hermitian Structures 


Suppose now, we have a Hermitian structure (■, ■) on the module £ as defined in Sec¬ 
tion [4.3| . A connection V on is said to be compatible with the Hermitian structure if the 
following condition is satisfied 


25 


-(Vr/,x) + (r/,V0 = 5(r7,0 , ^V,^e£. 


(7.42) 


Here the Hermitian structure is extended to linear maps (denoted with the same symbol) 
: £ X £ ^ and : £ x £ ^ by 

{'n®A^A) , 

V G T , a; G . (7.43) 
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Also, the minus sign in the left hand side of eq. (|7.42|) is due to the choice (5a)* = —6a* 
which we have made in (|6.28|). 


Compatible connections always exist. As explained in Section |4.3| , any Hermitian 
structure on = pA^ can be written as {p, = Ylf=i Vj^j with p = pp = (pi, • ■ •, p^) 

and the same for Then the Grassman connection (|7.25 ) is compatible, since 

N 

Hv,0 = 


i=i 


N N N N 

E H ii+z 'j; 

j=i j=i j=i j=i 

- {^v^pO + {pv,^0 

- {p^v^O + {v,p^O 
-(Vor/,0 + (h,VoO • 


(7.44) 


For a general connection (|7.31|) , the compatibility with the Hermitian structure reduces 
to 

{ap, 0 - (h, O = 0 , \/ pA , (7.45) 

which just says that the gauge potential is Hermitian, 


a = a 


(7.46) 


We still use the symbol CC{S) to denote compatible universal connections on S. 


7.4 The Action of the Gauge Group 

Suppose we are given a Hermitian hnite projective ^-module T = pA^. Then, the algebra 
of endomorphisms of S is dehned as 

End_A{£) = {(p ■. £ ^ £ \ (l){pa) = 4>{p)a , p & £ , a G A} . (7.47) 

It is clearly an algebra under composition. It also admits a natural involution *:£—*>£’ 
determined by 

{T*p, e) =: {p, TO , V T e End AS) , pA ^ £ ■ (7-48) 

With this involution, there is an isomorphism 

EndAS) — pIMv(A)p , (7.49) 

namely, elements of EndAS) cire matrices m G M 7 v(A) which commutes with the idem- 
potent p, pm = mp. 
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The group U{£) of unitary automorphisms of £ is the subgroup of Endji^{£) given by 

IA{£) = {u G End_A{£) \ uu* = u*u = 1} . (7.50) 

In particular, we have that Um{A) =; U{A^) = {u G M 7 v(T) | uu* = u*u = 1} . Also, 
there is an isomorphism U]\f{C°°{M)) ~ C°°{M, U{N)), with M a smooth manifold and 
U{N) the usual A^-dimensional unitary group. In general, ii £ = pA^ with p* = p, one 
gets that IA{£) = pU{A^)p. 

The group U{£) of unitary automorphisms of the module T, dehned in ( [f.50| ) plays 
the role of the inhnite dimensional group of gauge transformations. Indeed, there is a 
natural action of such group on the space CC{£) of universal compatible connections on 
£. It is given by 


(m,V)—^V“=: nVn*, V n G W(T), V G CC(T) . (7.51) 

It is then straightforward to check that the curvature transforms in a covariant way 

iuA) — >9^=:u9u*, (7.52) 

since, evidently, = (V“)^ = uS/u*u'S/u* = uS/'^u* = u9u*. 

As for the gauge potential, one has the usual affine transformation 


(n, a) —> =: up6u* + uau* . 


Indeed, for any rj ^ £, 


V“(p) 


u{p6 + a)u*ri = up5{u*r}) + uau*r] 

pu{u*5ri) + up{6u* Tj) + uau* using up = pu 

p5rj + {up5u* + uau*)r] 

{pd + a^)r] , 


which gives (|7.53|) for the transformed potential. 


(7.53) 


(7.54) 


7.5 Connections on Bimodules 

In constructing gravity theories one needs to introduce the analogues of linear connections. 
These are connections dehned on the bimodule of 1-forms which plays the role of the 
cotangent bundle. Since this module is in fact a bimodule, it seems natural to exploit 
both left and right module structures Q. 

we shall see in Section gravity theories have been constructed which use only one structure 
(the right one, although it would be completely equivalent to use the left one). In this context, the usual 
Einstein gravity has been obtained as a particular case. 
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One of the ideas which have been proposed |^| is that of a ‘braiding’ which, generaliz¬ 
ing the permutation of forms, flips two element of a tensor product so as to make possible 
a left Leibniz rule once a right Leibniz rule is satished. 

Then, let S be an ^-bimodule which is left and right projective, endowed with a right 
connection, namely a linear map V : —> T which obeys the right Leibniz rule 

(EUP- 


Definition 7.4 

Given a bimodule isomorphism, 

a : <S>A £ —5 (7.55) 

the couple (V, a) is said to be compatible if and only if a left Leibniz rule of the form 

V{ar]) = (V? 7 )a -h a{6a ^a h), ^ a e A , r] e £ . (7.56) 


is satisfied. 


O 


We see that the role of the map a is to bring the one form da to the ‘right place’. Notice 
that in general a needs not square to the identity, namely, cr o a 7 ^ E. Several examples of 
such connections have been constructed for the case of linear connection, namely S = 


see 


TO I and references therein). 


To get a bigger space of connections a weaker condition has been proposed in where 
the compatibility has been required to be satished only on the center of the bimodule. 
Recall hrst of all that the center Z{S) of a bimodule S is the bimodule dehned as 


Z{£) =: {rj e £ \ ar] = rja , 'ia E A} . (7-57) 

Now, let be a left connection, namely a linear map ; S —> V£A®a£ satisfying the left 
Leibniz rule 

V^{ari) = da <^a V + , W a E A, rj E E, (7.58) 

and let be a right connection, namely a linear map : S ^ S ( 8)_4 satisfying the 
right Leibniz rule 

\/^{ria) = {V^ri)a + p da , W a E A, p E E. (7.59) 


Definition 7.5 

With a a bimodule isomorphism as in ( 17.55| ), a pair (V^, V'^) is said to be cx-compatible 
if and only if 

W^p= iao\/^)p p E Z{£) . (7.60) 
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o 


By requiring that the condition = <70 be satished on the whole bimodule £, one 
can equivalently think of a pair (V^, V^) as a right connection fulhlling the additional 
left Leibniz rule ([7.56|) so reproducing the previously described situation Q. 

We finish by mentioning that other categories of relevant bimodules have been intro¬ 
duced, notably the one of central bimodules. We refer to for details and for a theory 
of connections on these bimodules. 


In a connection on a bimodule is also defined as a pair consisting of a left and right connection. 
There, however, there is no cr-compatibility condition while the additional conditions of being a right 
yf-homomorphism and being a left yf-homomorphism is imposed. These latter conditions, are not 
satisfied in the classical commutative case Z{£) — £ = ££{M). 
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8 Field Theories on Modules 


In this section we shall describe how to construct field theoretical models in the algebraic 
noncommutative framework developed by Connes. Throughout the section, the basic 
ingredient will be a spectral triple {A, Ti, D) which we take to be tame and of dimension 
n. Associated with it there is the algebra Vt^A = of forms as constructed in 

Section 16.21 with exterior differential d. 


8.1 Yang-Mills Models 


The theory of connections on any (finite projective) .A-module T, with respect to the 
differential calculus {VL£,A,d) is, mutatis mutandis, formally the same as the theory of 
universal connections developed in Section [O. 


Definition 8.1 

A connection on the A-module £ is a ^-linear map 

W-.£®a^d-A — >£®a^^d^-A, ( 8 . 1 ) 

satisfying Leibniz rule 

V{u}p) = {'V/jj)p + {—lyutdp , V a; G T 12^.4. , p G . (8.2) 

O 

Then, the composition = V o V : £ ®a —»• £ is ff/j^-linear and its 

restriction to £ is the curvature F : £ ^ £ ( 8)_4 Qj^A of the connection. The curvature is 
A linear, Fijja) = F{rj)a, for any p E £,a E A, and satisfies, 

= F{p)p , ypE£,pEQDA. (8.3) 

As before, thinking of the curvature F as an element of EndA£ Vt^^A, it satisfies 
Bianchi identity, 

[V,F]=0. (8.4) 

As already said previously, connections always exists on a projective module. If T = pA^, 
it is possible to write any connection as 

V=pd + A, (8.5) 

where A is any element in IVI_ 4 (^) ®a ^IdA such that A = Ap = pA = pAp. The matrix 
of 1-forms A is called the gauge potential of the connection V. For the corresponding 
curvature F we get 

F = pdA + A^ + pdpdp . (8.6) 
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The space C{£) of all connections on £ is an affine space modeled on Endj, Vt]-)A. 

The compatibility of the connection V with respect to an Hermitian structure on £ is 
expressed exactly as in Section (|7.3|) , 

-{^V,0 + {v,^0 = d{v,0 , Vr/,eeT, (8.7) 

with the Hermitian structure extended as before to linear maps : £ Vl\)A x £ —>■ Vl\)A 
and : Vt\)A <S)a £ ^ £ ^ Vt\)A^ by 

{v®a^A) =^* iv^O , 

= (jIA) ^ ^ V 77 ,^ e a; e . (8.8) 

The connection (|8.5|) is compatible with the Hermitian structure {'qA) = J2f=iVjQ 
£ = pA^ {rj = (r^i, • • • ,pn) = PP and the same for ^), provided the gauge potential is 
Hermitian, 

A* =A . (8.9) 

The action of the group ld(£) of unitary automorphisms of the module £ on the space 
C(£) of compatible connections on £ it is given by 

(m,V)— ^V^=:uVu*, y u eU{£), V e C{£) . (8.10) 

Then, the gauge potential and the curvature transform in the usual way 

(■u. A) —= u[pd + A\u* , (8-11) 

(m,F)— >F^=:uFu*, yueU{£). (8.12) 

The following proposition clarifies in which sense the connections defined in |7.3| are 
universal. 


Proposition 8.1 

The representation vr in ( \6. 3 A) can he extended to a surjective map 

ll(8)7r : CC{£) — >C{£) , 


(8.13) 


namely, any compatible connection is the composition of vr with a universal compatible 
connection. 


Proof. By construction, tt is a surjection from to 7r(H^^) ~ Ptf^A. Then, we get a 
surjection 11 ® tt : FndA —>• FndA £Lf,A. Finally, define 11 ® 7i{p o S) = pod to 

get the desired surjection : CC{£) —> C(£)- 
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□ 


By using the Hermitian structure on 8 together with an ordinary matrix trace over 
‘internal indexes’, one can construct an inner product on Endj^. By combining this 
product with the inner product on QjjA given in (|6.75|) , one has than a natural inner 
product on the space End^E Since the curvature E is an element of such a 

space, the following definition makes sense. 

Definition 8.2 

The Yang-Mills action for the connection V with curvature E is given 

YM{\/) = {E,E), . (8.14) 


By its very construction it is invariant under gauge transformations (|8.11|) and (|8.12|) . 


Consider now the tensor product 8 TC. This space can be made a Hilbert space by 
combining the Hermitian structure on 8 with the scalar product on TC, 

{Vi®A'ipi,V 2 ®A'ip 2 ) =■ {'ipi,{vi,V 2 )'ip 2 ) , Yr]i,r] 2 e 8 , (8.15) 

Then, by using the projection (|6.35|) we get a projection 

Ig ®7i : 8 (g)yi QdA —> B{8 (g)^ TC) , (8.16) 

and an inner product on (E^- ® vr) {8 8EA) by 

{T,,T 2 )^ = tr^TlT 2 \ls®D\-'^ , (8.17) 

which is the analogue of the inner product (|6.75|) . The corresponding orthogonal projector 
P has a range which can be identihed with 8 Qf)A. 

If Vun £ CC{8) is any universal connection with curvature 9un, one dehnes a pre- 
Yang-Mills action /(V„n) by, 

/(V„n) = tr^7l{9un)‘^\'S^ ® T)\~^ . (8.18) 

Then, one has the analogue of proposition ( [f.l|) 


Proposition 8.2 

For any compatible connection V G C{ 8 ), one has that 

YM{V) = mf{I{Vun) I vr(V.n) = V} . 


(8.19) 


Proof. It really goes as the analogous proof of Proposition O- 
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□ 

It is also possible to define a topological action and extend the nsual ineqnality between 
Chern classes of vector bnndles and the valne of the Yang-Mill action on an arbitrary 
connection on the bnndle. First observe that from definition (|8.14|) of the Yang-Mills 
action fnnctional, if D is replaced by XD, then YM{W) is replaced by |A|'^“"’YM(V). 
Therefore, it will have chances to be related to ‘topological invariants’ of finite projective 
modnles only if n = 4. Let us then assume that our spectral triple is four dimensional. 
We also need it to be even with a Z 2 grading F. With these ingredients, one defines two 
traces on the algebra 


r(aohai ■ ■ ■ ^04) = fr^u(ao[F*, ui] ■ ■ • [T*, oi] |F*| , 

<h(ao(jai ■ ■ ■ ^04) = fr^(Fao[F*, Oi] ■ • • [D, oi] 


Cij G M 
Oj G M . 


( 8 . 20 ) 


By using the projection ( ^.16| ) and an ‘ordinary trace over internal indices’ and by substi¬ 
tuting F with If (g) F and \D\~^ with 0 \D\~^, the previous traces can be extended to 
traces f and $ on Endy^S 0^ Vt^A. Then, by the very construction (|8.18|) , one has that 


I{Vun) = r(0 , V G CC{£) , 


( 8 . 21 ) 


with dun the curvature of V^n- Furthermore, since the operator ± F is positive and 
anticommutes with iriVL'^A) 0, one can prove an inequality p5 


r(C)> 1^(01, yVuneCC{8). 
In turn, by using ^.21|) and ( ^.21) , one gets the inequality 

YM(V) > |$(C)I , vr(V.„) = V. 


( 8 . 22 ) 


(8.23) 


It turn out that *h(6'„„) is a closed cyclic cocycle and its topological interpretation 
in terms of topological invariants of finite projective modules follows from the pairing 
between iF-theory and cyclic cohomology. Indeed, the value of <I> does not depend on 
the particular connection and one could evaluate it on the curvature Oq = pdpdp of 
the Grassmannian connection. More, it depends only on the stable isomorphic class 
\p] G Kq{A). We refer to for details. In the next section, we shall show that for the 
canonical triple over an ordinary four dimensional manifold, the term *h(6'^„) reduces to 
the usual topological action. 


8.1.1 The Usual Gauge Theory 


For simplicity we shall consider the case when n = 4. For the canonical triple (M, 7F, U, F) 


over the (four dimensional) manifold M as described in Section |5.5| , consider a matrix A 


^®We recall that F commutes with elements of A and anticommutes with D. 
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of usual 1-forms and a universal connection V = p6 + a such that ai{'n'{a)) = '^{A). Then 
P{ti{ 9)) = P{7r{6a + a^)) = 'y{F) with F = (ImA + A A. By using eq. ( p.79| ), with an 
additional matrix trace over the ‘internal indices’, we get 


YM{A) = inf{1(a) \ 7i(a) = A} 

= (8.24) 

namely, the usual Yang-Mills action of the gauge potential A. 

More explicitly, let a = Jfj fjSgj. Then, we have 


7r(a) = YAf, , A^ = J2 fjdf,9j , 

j 

PYida + a^)) = , 7^" = liYY - 7V) • (8-25) 


By using the trace theorem ^.41 again, 
‘internal indices’) one gets 


(with an additional matrix trace Tr over the 


YM{A) =: ^ Jjr{YYnTr{F,Yp.)dx 

With the same token, we get for the topological action 

Top{A) ^ / tr(r 7 ^" 7 ^")Tr(F^,F,.)d(r 

OTT^ JM 

=: / e^^P^Tr(F,Ypa)dx 

Stt^ Jm 

=: Y! niFAF), (8.27) 

Svr^ JM 


namely the usual topological action. 

Here we have used the following (normalized) traces of gamma matrices 


tr(7^"7"7") = - g^^g^^ + g^^g^n (8-28) 

tr(r7'^7‘^7^7‘") = . (8.29) 


8.1.2 Yang-Mills on a Two Points Space 


We shall hrst study all modules on the two points space Y = {1,2} described in Sec¬ 
tion |0|. The associated algebra is M = C © C. The generic module E will be of the form 
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£ = , with rii a positive integer, and p a ni x ni idempotent matrix with entries in 

A. The most general such an idempotent can be written as a diagonal matrix of the form 

p = diag[(l, 1), • • •, (1,1), (1, 0), ■ • •, (1, 0), ] , (8.30) 

'-V-" '-V.-" 

n-\ ni—n2 

with n 2 < rii. Therefore, the module £ can be thought of as rii copies of C on the point 
1 and n 2 copies of C on the point 2, 




(8.31) 


The module is trivial if and only if ni = n 2 . There is a topological number which, measures 
the triviality of the module and that, in this case, turns out to be proportional to ni — n 2 - 
From eq. ( p.6|) , the curvature of the Grassmannian connection on £ is just Fq = pdpdp. 
The mentioned topological number is then 

c{£) =: trYF^ = trr{pdpdpf = trrp{dpy . (8.32) 

Here T is the grading matrix given by (^.75|) and, the spectral triple being 0-dimensional, 
the Dixmier trace reduces to ordinary trace |^. This is really the same as the topological 
action ‘h(6'^„) encountered Section |8T| . It takes some little algebra to hnd that, for a 
module of the form ( |8.31| ), one has 

c{£) = tr{M*M)\ni - ris) , (8.33) 


where M is the matrix appearing in the corresponding operator D as in (5.74). 


Let us now turn to gauge theories. First recall that from the analysis of Section p.‘2.‘2 
there are no junk forms and that Connes’ forms are the image of universal forms through tt, 
QoA = 7r(f2^) with vr injective. We shall consider the simple case of ‘trivial 1-dimensional 
bundle over’ Y, namely we shall take as module of sections just £ = A. A vector potential 
is then a self-adjoint element A G Vl\,A and is determined by a complex number <F G C, 


0 hM* 
<FM 0 


If a is the universal form such that 7r(Q;) = A, then 


a = —he5e — $(1 — e)(5(l — e) , 


and its curvature is 

5a + = —(<F + <F + \h\^)5e5e . 

Finally, the Yang-Mills curvature turns out to be 

YM{A) =: trTT{6a + a'^f = 2tr{M*Mf (|<F + 1|^ - 1)^ . 
fact, in (|8.32| ), T should really be II 0 F. 


(8.34) 


(8.35) 

(8.36) 

(8.37) 
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The gauge group U{£) is the group of unitary elements of A, namely IA{£) = U{1) xU{l). 
Any of its elements u can be represented as a diagonal matrix 

, |ui|' = l, |U2|" = 1. (8.38) 


u = 


Ui 0 

0 U2 


Its action, = uAu* +udu*^ on the gauge potential results in multiplication by u\u 2 on 
the variable $ + 1, 

($ + 1)“ = ($ + l)u*U2 , (8.39) 


and the action (^.37|) is gauge invariant. 

We see that in this example, the action YM{A) reproduces the usual situation of broken 
symmetry for the ‘Higgs field’ $ +1 : there is a S'^-worth of minima which are acted upon 
nontrivially by the gauge group. This fact has been used in in a reconstruction of the 
Standard Model. The Higgs field has a geometrical interpretation: it is the component of 
a gauge connection along an ‘internal’ discrete direction made of two points. 


8.2 The Bosonic Part of the Standard Model 


There are excellent review papers on the derivation of the Standard Model using noncom- 
mutative geometry, notably ||101|, [7^ and and we do not feel the need to add more 
to those. Rather we shall only overview the main features. Here we limit ourself to the 
bosonic content of the model while postponing to following sections the description of the 
fermionic part. 

In [^, Connes and Lott computed the Yang-Mills action YM(V) for a space which is 
the product of a Riemannian spin manifold M by an ‘discrete’ internal space Y consisting 
of two points. One constructs the product, as described in Section |^, of the the canonical 
triple (C'°°(M), L^(M, S'), Ds, Ts) on a Riemannian four dimensional spin manifold by the 
finite triple (C © C, Tii © 7-f2, T*f) described in Sections and B.1.2| . The product triple 
is then given by 


M =: ^“(M) © (C © C) ~ C^{M) © C^{M) , 

n =: L\M,s) © {Hi © n2) ^ L\M,s)®ni® l\m, s)^n2, 

D =: Ds © H + Ts © Dp (8.40) 

A nice feature of the model is a geometric interpretation of the Higgs field which appears 
as the component of the gauge field in the internal direction. Geometrically one has a 
space MxY with two sheets which are at a distance of the order of the inverse of the mass 
scale of the theory (which appears in the operator Dp for the finite part). Differentiation 
in the space MxY consists of differentiation on each copy of M together with a finite 
difference operation in the Y direction. A gauge potential A decomposes as a sum of an 
ordinary differential part Rd-O) g finite difference part A(°d) xvhich gives the Higgs 
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field. To get the full bosonic standard model one has to take for the hnite part the algebra 

23 ] 

= C©e©lM3(C) , (8.41) 


Iff being the algebra of quaternions. The unitary elements of this algebra form the group 
U{1) X SU{2) X U{3). The hnite Hilbert space Hf is the fermion space of leptons, quarks 
and their antiparticles Tip = 'Hp © Hp = © Hj © . As for the hnite Dirac 

operator Dp is by 


Df = 


Y ^ 

0 F ’ 


(8.42) 


with Y the Yukawa coupling matrix. The real structure Jp dehned by 


Jp 






F ) 


(8.43) 


exchanges fermions with antifermions and it is such that = E, T pjp + JpTp = 
0, DpJp — JpDp = 0. Next, one dehnes an action of the algebra (|8.41|) so as to meet the 


other requirements in the Dehnition |5.5| of a real structure. For details on this we refer 
to 1^, ^ as well as for details on the construction of the full bosonic Standard Model 


action starting from the Yang-Mills action YM(V) on a ‘the rank one trivial’ module 
associated with the product geometry 


M=: C^{M)®Af , 

n =: L^{M,s)^nF , 

D =: Ds © 11 + Tg © Di. . (8.44) 


The product triple has a real structure given by 

J = C ® Jp , 


(8.45) 


with C the charge-conjugation operation on L‘^{M,S) and Jp the real structure of the 
hnite geometry. 

The hnal model has problems, notably unrealistic mass relations and a disturbing 
fermion doubling, the removal of which causes the loss of degrees of freedom |^. It is 
worth mentioning that while the standard model can be obtained from noncommutative 
geometry, most model of the Yang-Mills-Higgs type cannot |^, [73[|. 


8.3 The Bosonic Spectral Action 


Recently, in Connes has proposed a new interpretation of gauge degrees of freedom 
as the ‘inner huctuations’ of a noncommutative geometry. This huctuations replace the 
operator D, which gives the ‘external geometry’, hj D + A + JAJ*, where A is the gauge 
potential and J is the real structure. In fact, there is also a purely geometrical (spectral) 
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action, depending only on the spectrum of the operator D, which, for a suitable algebra 
(noncommutative geometry of the Standard Model) gives the Standard Model Lagrangian 
coupled to gravity. 

Observe hrst that if M is a smooth (paracompact) manifold, than the group Diff{M) 
of diffeomorphisms of M, is isomorphic to the group Aut{C°°{M)) of (*-preserving) auto¬ 
morphisms of the algebra C°°{M) |]^. Here Aut{C°°{M)) is the collection of all invertible, 
linear maps a from into itself such that a{fg) = a{f)a{g) and «(/*) = (a(/))*, 

for any f,g E Aut{C°°{M)) is a group under map composition. The rela¬ 

tion between a diffeomorphism ip G Diff{M) and the corresponding automorphism 

G Aut{C°°{M)) is via pull-back 

a^{f){x) =: f{g^-\x)) , V / G C^{M) , xeM . (8.46) 

If A is any noncommutative algebra (with unit) one dehnes the group Aut{A) exactly 
as before: and <p(E) = E, for any ip G Aut{A). This group will be the analogue of the 
group of diffeomorphism of the (virtual) noncommutative space associated with A. Now, 
with any element u of the unitary group U{A) of A, IA{A) = {m G M , uu* = u*u = E}, 
there is an inner automorphism au G Aut{A) dehned by 

a«(a) = uau* , V a G M . (8.47) 

One can easily convince oneself that o o = ^Aut{A) i ^my u eU (M) . The 

subgroup Inn{A) C Aut{A) of all inner automorphisms is a normal subgroup. First of all, 
any automorphism will preserve the groups of unitaries in M. liu eU (M) and ip E Aut{A), 
then ip{u){ip{u))* = ip{u)ip{u*) = ip{uu*) = (p(E) = E; analogously {ip{u))*ip{u) = E and 
ip{u) eU{A). Furthermore, 

Oi^p{u) = V? o Oji o G Inn{A) , W ip E Aut{A) , G Inn{A) . (8.48) 

Indeed, with a E A, for any ip G Aut{A) and G Inn{A) one hnds 

a^{u){a) = ip{u)aip{u*) 

= ip{uip~^{a)u*) 

= {ipoauOip-^){a) , (8.49) 


from which one gets ( |8.48|) . 

By indicating with Out{A) =: Aut{A)/Inn{A) the outer automorphisms, we have a short 
exact sequence of groups 

'S^AutiA) —> Inn{A) —^ Aut{A) —^ Out{A) —> 'S^AutiA) ■ (8.50) 

For any commutative A (in particular for A = C°°{M)) there are no nontrivial inner 
automorphisms and Aut{A) = Out{A) (in particular Aut{A) = Out{A) ~ Dif f\M)). 
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The interpretation that emerges is that the group Inn{A) will give ‘internal’ gauge 
transformations while the group Out{A) will give ‘external’ diffeomorphisms. In fact, 
gauge degrees of freedom are the ‘inner fluctuations’ of the noncommutative geometry. 
This is due to the following beautiful fact. Consider the real triple (^, 7-f, vr, D), where 
we have explicitly indicated the representation vr of the algebra A on the Hilbert space 
7i. The real structures is provided by the antilinear isometry J with properties as in 
Definition ^.5| . Any inner automorphism G Inn{A) will produce a new representation 
TTu ='■ T^ooiu of A in 7-f. It turns out that the replacement of the representation is equivalent 
to the replacement of the operator D by 


Du = D + A + e'JAJ* 


(8.61) 


where A = u[D,u*] and s' = ±1 from (|5.7CI|) according to the dimension of the triple. 
If the dimension is four, then s' = 1; in the following we shall limit to this case, the 
generalization being straightforward. 

This result is to important and beautiful that we shall restate it as a Proposition. 


Proposition 8.3 

For any inner automorphism Uu G Inn{A), with u unitary, the triples {A,H,7i, D, J) 
and {AyHyTi o au,D + u[D,u*] + Ju[D,u*]J*, J) are equivalent, the intertwiner unitary 
operator being given by 

U = uJuJ* . (8.52) 


Proof. Note first that 


UJU* = J . 


Indeed, by using properties from the Dehnition 5.5 of a real structure, we have. 


UJU* = uJuJ*JJu*J*u* 
= ±uJuJ*u* J*u* 
= ±JuJ*uu* J*u* 
= J. 


Furthermore, by dropping again the symbol vr, we have to check that 

UaU* = au{a) , V a G .4, , 

UDU* = Du . 


As for ( p.55|) , for any a E Awe have. 


UaU* = uJuJ*aJu*J*u* 
= uJuJ* Ju* J* au* 
= uau* 

= au{a) , 


by 2a. in Dehnition 5.5 


(8.53) 


(8.54) 

(8.55) 

(8.56) 


(8.57) 


129 







which proves ( p.55| ). Next, by using properties 16. and 2a., 2b. of Definition |5.5| (and their 
analogues with J and J* exchanged) the left hand side of (|8.56|) is given by 


UDU* = uJurDJu*ru* 

= uJuDu* J*u* 

= uJu{u*D + [D,u*])ru* 

= uJDJ*u* + uJu[D,u*]J*u* 

= uDu* + J J*uJu[D,u*]J*u* 

= u{u*D + [D, u*]) + JuJ*uJ[D, u*]J*u* 

= D + u[D,u*] + Ju[D,u*]J*uJ J*u* 

= D + u[D,u*] + ■Ju[D,u*]J* , 

(8.58) 


and ( ^.561 ) is proven. 


□ 

The operator is interpreted as the product of the perturbation of the ‘geometry’ given 
by the operator D, by ‘internal gauge degrees of freedom’ given by the gauge potential 
A = u*[D,u]. A general internal perturbation of the geometry is provided by 

D ^ Da = D + A + JAJ* , (8.59) 


where A is an arbitrary gauge potential, namely an arbitrary Hermitian operator, A* = A, 
of the form 

A ='^aj[D,bj] , aj,bj gA. (8.60) 

j 

The dynamics of the coupled gravitational and gauge degrees of freedom is governed 
by a spectral action principle. The action is a ‘purely geometric’ one depending only on 
the spectrum of the self-adjoint operator Da 


( 8 . 61 ) 


SB(D,A)^trn(X(lA)) 


Here trfi is the usual trace in the Hilbert space Ti, A is a ‘cut off parameter’ and X is a 
suitable function which cut off all eigenvalues of D\ larger than hf. 

The computation of the action (|8.61|) is conceptually simple although technically it may 
be involved. One has just to compute the square of the Dirac operator with Lichnerowicz’ 
formula |§] and the trace with a suitable heat kernel expansions [^, to get an expansion 
in terms of powers of the parameter A. The action (|8.61| ) is interpreted in the framework 
of Wilson’s renormalization group approach to field theory: it gives the hare action with 
hare coupling constants. There exists a cut off scale Ap which regularizes the action and 
where the theory is geometric. The renormalized action will have the same form as the 
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bare one with bare parameters replaced by physical parameters [20 


In fact, a full analysis is rather complicated and there are several caveats [^ . 

In Section ^ we shall work out in detail the action for the usual gravitational sector 
while here we shall indicate how to work out it for a generic gauge helds and in particular 
for the bosonic sector of the standard model. 

We hrst proceed with the ‘mathematical aspects’. 


Proposition 8.4 

The spectral action (^. 6]\ ) is invariant under the gauge action of the inner automorphisms 
given by 

A =: uAu* + u[D, u*] , V u G Inn{A) . (8.62) 


Proof. The proof amount to show that 


Dau = UDaU* , 


(8.63) 


with U the unitary operator in (|8.52|), U = uJuJ*. Now, given (|8.62|), it turns out that 


Da =; D + A'^ + JA'^J* 

= D + u*] + J[T*, u*]J* + uAu* + JuAu*J* 

= Du + uAu* + JuAu* J*. (8.64) 


In Proposition we have already proved that Du = UDU*, eq.( B-56| ). To prove the rest, 
remember that A is of the form A = Yij (^j[D,bj] with aj,bj ^ A. But, from properties 


2a. and 2b. of Dehnition b-5|, it follows that [A,Jc*J*] = 0, for any c & A. By using 
this fact and properties 2a. and 2b. of Dehnition |5.5| (and their analogues with J and J* 
exchanged) we have that. 


UAU* = uJuJ*AJu*J*u* 

= uJuJ*Ju*J*Au* 

= uAu* . (8.65) 


U{JAJ*)U* 


uJuJ*JAJ*Ju*J*u* 
uJuAu*J*u*JJ* 
uJuAJ*u* Ju* J* 
uJuJ*u*JAu*J* 
JuJ*uu*JAu*J* 
JuAu*J* . 


( 8 . 66 ) 


The previous two results together with 
tion. 


)h6|) prove eq. (|8.63|) and, in turn, the proposi- 
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□ 


Before proceedings, let us observe that for commutative algebras, the internal pertur¬ 


bation A + JAJ* of the metric in (|8.59|) vanish. From what we said after Dehnition 
for commutative algebras one can write a = Ja*J* for any a ^ A, which amount to 
identify the left multiplicative action by a with the right multiplicative action by Ja*J* 
(always possible if A is commutative). Furthermore, D is a differential operator of order 
1, namely [[D, a], b]] = 0 for any a,b G A. Then, with A = CLj[D, bj], A* = A, we get 

JAJ* = Y. bj]J* = Y JajJJ*[D, bj]J* 

j 3 

3 3 

3 3 

= = (8-67) 

3 

and, in turn, A + JAJ* = A — A* = 


In the usual approach to gauge theories, one constructs connections on a principal 
bundle P ^ M with structure group a hnite dimensional Lie group G. Associated with 
this bundle there is a sequence of inhnite dimensional (Hilbert-Lie) groups which looks 
remarkably similar to the sequence (|8.5CI|) 

E — > g —^ Aut{P) —^ Diff{M) —^ II . (8.68) 

Here Aut{P) is the group of automorphism of the total space P, namely diffeomorphisms of 
P which commutes with the action of G, and Q is the subgroup of vertical automorphisms, 
identihable with the group of gauge transformations Q ~ G°°{M, G). 

Thus, here is the recipe to construct a spectral gauge theory corresponding to the structure 
group G or equivalently to the gauge group Q [^: 

1. look for an algebra A such that Inn{A) — Q\ 

2. construct a suitable spectral triple ‘over’ A] 

3. compute the spectral action (^.61|) . 

The result would be a gauge theory of the group G coupled with gravity of the diffeomor- 
phism group Out (A) (with additional extra terms). 

For the standard model we have G = f/(l) x SU{2) x SU{3). It turns out that 
the relevant spectral triple is the one in (|8.44|) , (p.45|) . In fact, as already mentioned in 
Section for this triple the structure group would be U{1) x 517(2) x f/(3); however 
the computation of A -|- JAJ* removes the extra 17(1) part from the gauge helds. The 


10 , 100 
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associated spectral action has been computed in |20| and in full details in |56]. The result 


is the Yang-Mill-Higgs part of the standard model coupled with Einstein gravity plus a 
cosmological term, a term of Weyl gravity and a topological term. Unfortunately the 
model still suffers from the problems alluded at the end of Section p.2| : namely unrealistic 
mass relations and an unphysical fermion doubling. 


8.4 Fermionic Models 


It is also possible to construct the analogue of a gauged Dirac operator by a ‘minimal 
coupling’ recipe and an associated action. 

If we have a gauge theory on the trivial module T = .4. as in Sec. Q. then a gauge 
potential is just a self-adjoint element A G which transforms under the unitary 

group U{A) by d^), 

(4, u) —> 4“ = uAu* -|- u[D, u*] , V M G U{A) . (8.69) 

Then, the following expression in gauge invariant, 

loiM, V’) =: (V’, {D + A)tl;) , V V' G Dom{D) cH , 4 G n]^A , (8.70) 

where the action of the group U{A) on Ti is by restriction of the action of A. Indeed, for 
any 'll: eH, one has that 


(D + A^lu'il: 


(D + u[D, u*] + uAu*)u'il) 

Diu'ip) + u{Du* — u*D){u'ip) + uAip 
uDu*{wl)) + uAip 
u{D + A)ip , 


from which the invariance of ( B.70|) follows. 


(8.71) 


The generalization to any hnite projective module £ over A endowed with a Hermitian 
structure, needs extra care but is straightforward. In this case one considers the Hilbert 
space £®AH of ‘gauged spinors’ introduced in the previous section and with scalar product 
given in (|8.15|) . The action of the group End_A{£) of endomorphisms of £ extends to an 
action on £ ( 8)_4 H by 


0(r/(8) V’) =: 0(h)''Z’) W 4) E End_4^{£) , rj ®'ll: E £ ®. (8.72) 

In particular, the unitary group U{£) yields a unitary action on £ ( 8_4 Ti, 

u{r] ® 'll:) =\ uirj) ® 'll: , uEU{£), rj ® 'll: E £ ®j^H , (8.73) 


since 


(M(hl (8) 0l),M(h2 ® 02)) 


( 01 , (M(hl),'u(h 2 )) 02 ) 

(01, (hi, ^ 2 ) 02) 

(hi ® 01,h2 <8 02) , 

W u E U{£) , 'rii®'il:iE£ ®a Td , i = 1,2 . (8.74) 
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\iV\£^£ ( 8 )^ Vt\jA is a compatible connection on £, the associated ‘ganged Dirac 
operator’ Dy on the Hilbert space £ Ti is dehned by 

=rj®D'ip+ {{l®'K)VunV)i^ ^ -0 G , (8.75) 

where is any universal connection on £ which projects onto V. 

If , and Vun = + a, then the operator in (^.751) can be written as 


= pD + 'K{a) , 


(8.76) 


with D acting component-wise on A^ ® 7i. Since 7 r(a) is a self-adjoint operator, from 


(|8.76|) , we see that Dy is a self-adjoint operator on £ Ti with domain £ ( 8)_4 DomD. 
Furthermore, since any two universal connections projecting on V differ by ai—a 2 G fcervr, 
the right-hand side of ( |8.75| ) depends only on V. Notice that one cannot write directly 
since Vp is not an operator on £ ( 8)_4 H. 


Proposition 8.5 

The gauged Dirac action 

/Dir(V,^) =: (^,Dy^) , V^G^®^DomD, V G C'(^) . (8.77) 

is invariant under the action ( jg. 7^ ) of the unitary group IA{£). 


Proof. The proof goes along the same line of (|8.71|). For any T G T 8 )^ PC, one has that 


{pD -|- 7r(a“))M\h 


{pD + 7i{u6u* + uau*))u'^ 

pD{u'^) + u{Du* — u*D){u'^) -|- M7r(a)T 

pD{u'^) + pu{Du* — u*D){u'^) -|- 

puDu*{u'^) -|- M7r(a)\[' 

upDu*{u'^) -|- u'K^a)'^ 

u{pD + 7 r(a))\[' , (8.78) 


which implies the invariance of (p.77|). 


□ 


8.4.1 Fermionic Models on a Two Points Space 


As a very simple example, we shall construct the fermionic Lagrangian ( |8.7CI|) on the two 
point space Y studied in Sections and | 8 . 1 . 2 | , 


iDiM, V-) =: {D + A)fj) , V V' G Dom{D) C 77 , A G n]jA , (8.79) 
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As seen in Section |0| , the finite dimensional Hilbert space is a direct sum = 7di ©7-^2 
and the operator D is an off-diagonal matrix 


0 M* 
M 0 


M G Lin{ni,n2) . 


(8.80) 


In this simple example Dom{D) = Ti. On the other-side, the generic gauge potential on 
the trivial module ^ is given by (|8.34|) , 


A 


0 

0 


d) G C . 


Summing up, the gauged Dirac operator is the matrix 


D + A 


0 (1 + $)M* 

(1 + ^)M 0 


(8.81) 


(8.82) 


which gives for the action iDir^A^'ip) a Yukawa-type term coupling the fields (1 + $) and 
-0 and invariant under the gauge group U{£) = U{1) x 17(1). 


8.4.2 The Standard Model 


Let us now put together the Yang-Mill action (|8.14|) with the fermionic one in (|8.77|) , 

(8.83) 


/(V,^) = YM{V)+ID^r{V,^) 

= {Fy,F^), + {^,D^^) , V VgO(£) , 

d' G DomD . 


Consider then the canonical triple {A,FC,D) on a Riemannian spin manifold. By 
taking E = the action (|8.83|) is just the Euclidean action of massless quantum electro¬ 
dynamics. If = A^, the action (|8.83|) is the Yang-Mills action for U{N) coupled with 
a massless fermion in the fundamental representation of the gauge group U{N) p7|. 


In 1^], the action ( B.83 ) for a product space of a Riemannian spin manifold M by an 
‘discrete’ internal space Y consisting of two points. They obtained the full Lagrangian of 
the standard model. An improved version which uses a real spectral triple and done by 


means of a spectral action along the lines of Section will be briefly described in next 
Section. 


8.5 The Fermionic Spectral Action 


Consider a real spectral triple (M, 77, D, J). And recall from Section p.3| the interpretation 
of gauge degrees of freedom as ‘inner fluctuations’ of a noncommutative geometry, fluc¬ 
tuations which replace the operator D hj D + A + JAJ*, where A is the gauge potential. 


135 


























Well, the fermionic spectral action is just given by 

Spi'ip, A, J) =: = {<P,D + A + JAJ*)ij) , (8.84) 

with ip ^l-L. The previous action again depends only on spectral properties of the triple. 
By using the ^-bimodule structure on Ti in ( p.71|) , we get an ‘adjoint representation’ of 
the unitary group IA{A) by unitary operators on H, 

n X U{A) 3 (V', =:u^u* = uJuJ* xpen . (8.85) 

That this action preserves the scalar product, namely {'ip'^, xp'^) = {xp,xp), follows from the 
fact that both u and J act as isometries. 


Proposition 8.6 

The spectral action ( jg. 84P is invariant under the gauge action of the inner automorphisms 
given by ( jg. Sdj) and ( |g. 63i) , 


Sf{Pj",A^,J) = Sf{xP,A,J), WueUiA). 


( 8 . 86 ) 


Proof. By using the result ( p.63|) = UDaU*, with U = uJuJ*, we get 


Sf{xP^,A^,J) = {xP^Da^xP^) 

= {xPJu*J*u,UDaU*)uJuJ* xp) 

= {xp.Ju*J*u,uJuJ* DaJu*J* uuJuJ* xp) 
= (-0, DaxP) 

= Sf{'iP,A,J) 


(8.87) 


□ 


For the spectral triple of the standard model in ( p.44|) , (|8.45|) , (|8.41|) , (|8.42|) , the ac¬ 
tion ( ^.84|) gives the fermionic sector of the standard model |^, |^. It is worth stressing 
that although the noncommutative fermionic multiplet xp transforms by the adjoint rep¬ 
resentation (|8.85|) of the gauge group, the physical fermion helds will transform in the 
fundamental representation while the antifermions will transform in the conjugate one. 
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9 Gravity Models 


We shall describe three possible approaches (two, in fact, since as we shall see the hrst two 
are really the same) to the construction of gravity models in noncommutative geometry 
which, while agreeing for the canonical triple associated with an ordinary manifold (and 
reproducing the usual Einstein theory), seem to give different answers for more general 
examples. 

As a general remark, we should like to mention that a noncommutative recipe to construct 
gravity theories (at least the usual Einstein one) has to consider the metric as a dynamical 
variable not given a priori. In particular, one should not start with the Hilbert space 
Ti = S) of spinor helds whose scalar product uses a metric on M which, therefore, 

would plays the role of a background metric. The beautiful result by Connes which 
we recall in the following Section goes exactly in this direction. A possible alternative 
way has been devised in [|^ . 


9.1 Gravity a la Connes-Dixmier-Wodzicki 


The hrst scheme to construct gravity models in noncommutative geometry, and in fact to 
reconstruct the full geometry out of the algebra is based on the use of the Dixmier 

trace and the Wodzicki residue 


29|, which we have studied at length in Sections 


and 5.3 


Proposition 9.1 

Suppose we have a smooth compact manifold M without boundary and of dimension n. 
Let A = C°°{M) and D just a ‘symbol’ for the time being. Let (^^, Hjr) « unitary 
representation of the couple {A, D) as operators on an Hilbert space ILt, endowed with an 
operator Jt,, such that (Aj^, Dt^, J-k) satisfy all axioms of a real spectral triple given in 


Section pA 
Then, 


a) There exists a unigue Riemannian metric gj, on M such that the geodesic distance 
between any two points on M is given by 

d{p, q) = sup{\a{p) - a{q)\ : ||[T)^, 7r(a)]||g(^^) < 1} , \/p,qeM. (9.1) 

aeA 

b) The metric Qtt depends only on the unitary equivalence class of the representation 
71. The fibers of the map tt ^ g^^ from unitary equivalence classes of representations 
to metrics form a finite collection of affine spaces A^ parameterized by the spin 
structures a on M. 
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(9.2) 


c) The action functional given by the Dixmier trace 

G{D) = tr^{D^-^) , 

is a positive quadratic form with a unique minimum on on each Aa-- 

d) The minimum is the representation of {A,D) on the Hilbert space of square 

inteqrable spinors A^ acts by multiplicative operators and D„ is the 

Dirac operator of the Levi-Civita connection. 

e) At the minimum the values ofG{D) coincides with the Wodzicki residue of D2~‘^ 
and is proportional to the Hilbert-Einstein action of general relativity 

G{D^) = Resw{D^-^) =: 


Cn 

Here, 

a-n(x,f) = part of order — tt, of the total symbol of D^~^ , (9.4) 

R is the scalar curvature of the metric of M and tr is a normalized Clifford trace. 

f) If there is no real structure J, one has to replace spin above by spin^. Uniqueness 
of point c) is lost and the minimum of the functional G{D) is reached on a linear 
subspace of Aa with a a fixed spin^ structure. This subspace is parameterized by 
the U{1) gauge potentials entering in the spin^ Dirac operator. Point d) and c) still 
hold. In particular the extra terms coming from the U{1) gauge potential drop out 
from the gravitational action G{Da). 


n(27r)" Js*M 


tr{a-n{x, f))dxdf 


Cn / Rdx , 
Jm 


(n - 2) 2[’"/2]-n/2 n . 

- - -rf—h 

12 (27r)V2 4 ^ 


(9.3) 


Proof. At the moment, a complete proof of this theorem goes beyond our means (and the 
scope of these notes). We only mention that for n = 4 equality (|9.3| ) was proved by ‘brute 
force’ in 0 by means of symbol calculus of pseudodifferential operators. There it was 


also proved that the results does not depends upon the extra contributions coming from 
the U{1) gauge potential. In [Q, equality (|9.3|) was proved in any dimension by realizing 
that Resw{T)^~‘^) is (proportional) to the integral of the second coefficient of the heat 
kernel expansion of D^. It is this fact that relates the previous theorem to the spectral 
action for gravity as we shall see in the next section. 


□ 

Finally, we mention, with Connes, that the fact that A is the algebra of smooth functions 
on a manifold can be recovered a posteriori as well. Connes axioms allow to recover the 
spectrum of ^ as a smooth manifold (a smooth submanifold of IR^ for a suitable N) . 
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9.2 Spectral Gravity 


In this section we shall compnte the spectral action (^.611) described in Section for 
the pnrely gravitational sector. Consider then the canonical triple {A, Ti, D) on a closed 
n-dimensional Riemannian spin manifold {M,g) which we have described in Section p75 , 
We recall that A = C°°{M) is the algebra of complex valned smooth fnnctions on M; 
Ti = L'^{M,S) is the Hilbert space of sqnare integrable sections of the irreducible, rank 
2 [n/ 2 ] gpj] 2 or bundle over M; hnally, D is the Dirac operator of the Levi-Civita spin 
connection. 


The action we need to compute is 

Sg{D,A) = trniX{^)) . (9.5) 

Here is the usual trace in the Hilbert space Ti = S'), A is the cutoff parameter 

and A is a suitable cutoff function which cut off all eigenvalues of larger than A^. As 
already mentioned this action depends only on the spectrum of D. 


Before we proceed let us spend few words on the problem of spectral invariance versus 
diffeomorphism invariance. Let us indicate by spec{M, D) the spectrum of the Dirac 
operator with each eigenvalue repeated according to its multiplicity. Two manifolds M 
and M' are called isospectral if spec{M, D) = spec{M, D) From what said, the action 
(|9.5|) is a spectral invariant. Now, it is well know that one cannot hear the shape of a 
drum 1^, 1^ (see also [^, ^ and references therein), namely there are manifold which 
are isospectral without being isometric (the converse is obviously true). Thus, spectral 
invariance is stronger that usual diffeomorphism invariance. 


The Lichnerowicz formula (|5.48|) gives the square of the Dirac operator 

= + -R . (9.6) 

4 

with R the scalar curvature of the metric and the Laplacian operator lifted to the 
bundle of spinors, 

- rjw?); (9-7) 

and are the Christoffel symbols of the connection. 

The heat kernel expansion |^, |^, allows to write the action ( |9.5|) as an expansion 

SG{D,A) = J2fkak{DyA^) , (9.8) 

A:>0 


where the coefficients fk are given by 

poo 

fo= X(u)udu , 

^0 

poo 

f 2 = X(u)du , 

Jo 

_/2(n+2) = (-1)W(")(0) , ^>0, 

'*°In fact, one usually take the Laplacian instead of the Dirac operator. 


(9.9) 
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and denotes the n-th derivative of the function X with respect to its argument. 

The Seeley-de Witt coefficients ak{D‘^ / Is?) vanishes for odd values of k. The even ones 
are given as integrals 

ak{D‘^/I?)= f ak{x-,D^/A^)y/gdx. (9.10) 

Jm 

The hrst three coefficients, for even k, are given by 


ao{x-,D‘^/A‘^) = (A^)^ (dvr) , 

a^ix-D^A^) = (A^)! (dvr)-"/^ {-§ + E) trll^i./^i 

a,{x; D^/A^) = {A^f (dTr)-"/^^ (-12^; + 

- ^Rf.upaR^''^" - GORE + 180^2 + GOE.p trl^[r./2] . (9.11) 


Here R^upa are the component of the Riemann tensor, the component of the Ricci 
tensor and R is the scalar curvature. As for E, it is given by =: = jR. By 

substituting back in (|9.10|) and by taking the integrals we get 

2[n/2] 


ao{DpA^) = (A2)2 
a2{DpA^) = {AP 
a^{DpA^) = (A2)0 


(d7r)”-/2 

Jm 

2k/2] 

1 

(dvr) "-A 

12 . 

2[n/2] 

1 

(dvr) "-A 

360 


y/gdx , 

^ Pgdx R , 

I Vsdx (3R; + p 


OR R^" _ R 


Summing up, the action (|9.5|) turns out to be 

,D^ 


Sg{D,A) = trn{X{—)) 


= Wfo 


2^/2] 


Vgdx 


(d7r)"’A JM 
2[n/2] 1 . 

iVgdxR 

7 




Rpup.R'^'^n 


0((A 


2\-l3 


(9.12) 


(9.13) 


The action is dominated by the hrst term, a huge cosmological constant. 

By using for X the characteristic value of the interval [0,1], namely X{u) = 1, u < 


IdO 










1 , X(m) = 0 , M > 1 , possibly ‘smoothed out’ at u = 1 , we get 


/o = 1/2 , 

/2 = 1 , 

/2(n+2) = 0 , n > 0 , 


and the action (|9.13|) becomes 


SGiD,A) = iAr- 


I 


2\1 


2 (47r)"/^ Jm 


y/gdx + (A ) 


2[n/2] ^ 

(47r)"-/2 12 Jm 


^/gdx R 


(9.14) 


(9.15) 


In the following trick was suggested to eliminate the cosmological term: replace the 
function A by A dehned as 

A(-u) = A(m) — aX{hu) , (9.16) 


with a, b any two numbers such that a = h‘^ and 6 > 0, 6 7 ^ 1. Indeed, one easily hnds out 
that, 


~ ^ CL 

fo =■ X{u)udu = (1 - ^)/o = 0 , 

^ POO ^ n 

/2 =: X{u)du = (1 - -)/2 , 

/ 2 (n+ 2 ) =: (-1)”A^"^(0) = (-1)^(1 - ab^)X^^\0) , n > 0 . (9.17) 

The action ( |9.5|) becomes 

Sa{D,K) = (1 - -)Uk^f C Vadx R + 0((A^)»). (9.18) 

We hnish by mentioning that in [^, in the spirit of spectral gravity, the eigenvalues 
of the Dirac operator, which are diffeomorphic invariant functions of the geometry and 
therefore true observable in general relativity, have been taken as a set of variables for 
an invariant description of the dynamics of the gravitational held. The Poisson brackets 
of the eigenvalues was computed and found in terms of the energy-momentum of the 
eigenspinors and of the propagator of the linearized Einstein equations. The eigenspinors 
energy-momenta form the Jacobian of the transformation of coordinates from metric 
to eigenvalnes, while the propagator appears as the integral kernel giving the Poisson 
strnctnre. The eqnations of motion of the modihed action (|9.18|) are satished if the trans 
Planckian eigenspinors scale linearly with the eigenvalnes: this reqnirement approximate 
Einstein eqnations. 

As already mentioned, there exist isospectral manifolds which fail to be isometric. 
Thns, the eigenvalnes of the Dirac operator cannot be nsed to distingnish among snch 
manifolds (shonld one really do that from a physical point of view?). A complete analysis 
of this problem and of its conseqnences should await another time. 
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9.3 Linear Connections 


A different approach to gravity theory, developed in is based on a theory of linear 

connections on an analogue of the cotangent bundle in the noncommutative setting. It 
turns out the the analogue of the cotangent bundle is more appropriate that the one of 
tangent bundle. One could dehne the (analogue) of ‘the space of sections of the tangent 
bundle’ as the space of derivations Der{A) of the algebra A. However, in many cases 
this is not a very useful notion since there are algebras with too few derivations. More¬ 
over, Der{A) is not an M-module but a module only over the center of A. For models 
constructed along these lines we refer to 
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We shall now briefly describe the notion of linear connection. There are several tricky 
technical points mainly related to Hilbert spaces closure of space of forms. We ignore 
them here while referring to 00. 

Suppose then, we have a spectral triple (M, H, D) with associated differential calculus 
d). The space Vl\)A is the analogue of the ‘space of sections of the cotangent 
bundle’. It is naturally a right M-module and we furthermore assume that it is also 
projective of hnite type. 


In order to develop ‘Riemannian geometry’, one need the ‘analogue’ of a metric on 
Vl\)A. Now, there is a canonical Hermitian structure (•, •)^ : Vl\)A x Vl\)A —>■ A which is 
uniquely determined by the triple (M, 7d,Z7). It is given by, 

=: Po(a*/d) e M (9.19) 


where Pq is the orthogonal projector onto A determined by the scalar product ( |6.75| ) 
as in Section ^ E The map (|9.19|) satishes properties ( [4-16| - |4T7|) which characterizes 
an hermitian structure. It is also weakly nondegenerate, namely (a,/3)^ = 0 for any 

a G Vl\)A implies that /3 = 0. It does not, in general, satisfy the strong nondegeneracy 
expressed in terms of the dual module (Hl^M)' as in Section ^7^ . Such a property it is 
assumed to hold. Therefore, if (Hj^M)' is the dual module, we assume that the Riemannian 
structure in ( |9.19| ) determines an isomorphism of right M-modules, 

Vt\)A —^ (^dA)' , a ^ (a, % . (9.20) 


We are now ready to dehne a linear connection. It is formally the same as in the 
dehnition by taking S = Q}^A. 


Definition 9.1 

A linear connection on Q}j^A is a <C-linear map 

— >9}oA®a^d^, (9.21) 

satisfying Leibniz rule 

W{aa) = {'Va)a + ada , V a G ^\)A , a G A . (9.22) 

fact the left hand side of dH) is in the completion of A. 
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Again, one can extend it to a map V : Vl\)A Vlf'jjA —> Vl\)A VlFj^^A and the 
Riemannian curvature of V is then the ^-linear map given by 

=: : n\)A^n]jA®A^DA . (9.23) 

The connection V is said to be metric if it is compatible with the Riemannian structnre 
on Vl]^A, namely if it satishes the relation, 

- (Vq!,/ 9)^ + (a, V/5)^ =d{a,/3)jj , ya,/3eQ:\)A. (9.24) 

Next, one dehnes the torsion of the connection V as the map Ty : Q]yA —>■ Vl\)A given 
by 

Ty = d — m o V , (9.25) 

where m : Vl\,A Q}qA Vl\,A is jnst mnltiplication, m(a P) = OiP- One easily 
checks (right) ^-linearity so that Ty is a ‘tensor’. For an ordinary manifold with linear 
connection, dehnition (|9.25|) yields the dual (i.e. the cotangent space version) of the usual 
dehnition of torsion. 

A connection V on Vl\)A is a Levi-Civita connection if it is compatible with the Rie¬ 
mannian structure {•, ■)^ on Vt\^A and its torsion vanishes. Contrary to what happens in 
the ordinary differential geometry, a Levi-Civita connection needs not exist for a generic 
spectral triple or there may exist more than one such connection. 

Next, we derive Cartan structure equations. For simplicity, we shall suppose that 
Vl]-)A is a free module with a basis {E^,A = 1, ■ • ■ N} so that any element a G Vl]-)A 
can be written as a = E^ua- The basis is taken to be orthonormal with respect to the 


Riemannian structure 

= dtag{l,---A) , AB = 1 ,--aN. (9.26) 

A connection V on Vl]^A is completely determined by the connection 1-forms ^a^ ^ 
Vl]^A which are dehned by, 

VE^ = E^®VtB^, A = l,...,iV. (9.27) 

The components of torsion G Vl]^A and curvature G VP^A are dehned by 

Ty{E^)=T^ , 

R^{E^) = E^ ® , A=l,...,N. (9.28) 

By using dehnitions (|9.25|) and (|9.23|) one gets the structure equations, 

= dE^-E^Vts^, A=l,...,Ar, (9.29) 

Ra^ = dVtA^ + ^A^^c^ ^ A,R = l,...,iV. (9.30) 
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The metricity conditions ( T24 ), for the connection l-forms now reads, 


+ = 0 . (9.31) 

As mentioned before, metricity and vanishing of torsion do not fix uniquely the connection. 
Sometimes, one imposes additional constrains by requiring that the connection 1-forms 
are Hermitian, 

. (9.32) 

The components of a connection, its torsion and its Riemannian curvature transform 

in the ‘usual’ way under a change of orthonormal basis for Vl\)A. Consider then a new 
basis A = 1, • • ■ iV} of The relation between the two basis is given by 

, E^ = E^Mb^, (9.33) 

with the obvious identities, 

= 6l , (9.34) 

which just says that the matrix M = (M^^) G lM 7 v(^) is invertible with inverse given 
by M~^ = ((M“^)^^) . By requiring that the new basis be orthonormal with respect to 
(■, ■)d we get, 

,^/iB _ = {E‘-Mp'',&Mq‘’)^ ^{Mp''r{E‘-,E‘‘)^MQ‘’, 

= (9.36) 

From this and (|9.34|) we obtain the identity 

(M-').,« = r,.4Q(Mp«)V® , (9.36) 

or M* = M~^. By using again (|9.34|) , we infer that M is a unitary matrix, MM* = 
M*M = 11, namely an element in U]sf{A). 

It is now straightforward to find the transformed components of the connection, its cur¬ 
vature and its torsion 


= M^ ^d{M-^)p^ , (9.37) 

R^^ = M^^Rp^iM-%^ , (9.38) 

= T^(M-^)p^ . (9.39) 

Let us consider now the basis {ea, A = 1, - ■ ■, N} of (flp^)', dual to the basis {E^}, 

EAiE^) = . (9.40) 

By using the isomorphism (|9.2(]|) for the element Ea, there is an ea G Vl\)A determined by 
EA{a)= {EA,a)D , ^aeQpA, A = 1,...,N. (9.41) 
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One finds that 


(9.42) 


= E^Vba , A = 1,...,N, 

and under a change of basis as in (|9.33|) , they transform as 

iA = eB{M^^r, A = 1,...,N. (9.43) 

The Ricci 1-forms of the connection V are dehned by 

Rj = P,{R^^{eBr) A = (9.44) 

As for the scalar curvature, it is dehned by 

rv = PoiE^Rj) = PoiE^PiiRA^^eBT) G A . (9.45) 

The projectors Pq and Pi are again the orthogonal projectors on the space of zero and 
one forms determined by the scalar product (|6.75|) . It is straightforward to check that the 
scalar curvature does not depend on the particular orthonormal basis of Vt\)A. Finally, 
the Hilbert-Einstein action is given by 

Ihe{^) = tr^r\D\-^ = tr^E^R^^e*^\D\-^ . (9.46) 


9.3.1 The Usual Einstein Gravity 


Let us consider the canonical triple {A, 7^, U) on a closed n-dimensional Riemannian spin 
manifold {M,g) which we have described in Section ^.5| . We recall that A = C°°{M) 
is the algebra of complex valued smooth functions on M; = L‘^{M,S) is the Hilbert 
space of square integrable sections of the irreducible spinor bundle over M; hnally, D is 
the Dirac operator of the Levi-Civita spin connection, which locally can be written as 


D = 'y^{x)dn + lower order terms 

= + lower order terms . (9.47) 

The ‘curved’ and ‘flat’ Dirac matrices are related by 

y/^(x) = 7 “e^ , p = l,...,n, (9.48) 


and obey the relations 


7 ^(a:) 7 ^(x) + 7 ^(a;) 7 '‘(a;) = , p, i/ = 1,..., n, 

7^7^ + 7%“^ = , a,6=l,...,?7,. (9.49) 

We shall take the matrices 7 “ to be hermitian. 

The n-beins ef relate the components of the curved and flat metric, as usual by, 

= Vab , = g^^^ . (9.50) 
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Finally, we recall that, from the analysis of Section |6.2.1 , generic elements a G and 
{3 e Vl?j^A can be written as 


a = 7“aa = 






/3 = . 


( 9 . 61 ) 


with 7 “^ = I( 7 ^ 7 ^ — 7 ^ 7 “) and 7 ^^" = ^( 7 ^ 7 ^ — 7 *^ 7 ^)• The module is projective of 
hnite type and we can take as orthonormal basis 

E“ = 7 “, =tr 7 V = 7 “\ a, 6 =l,...,n, (9.52) 

with tr a normalized Clifford trace. Then, the dual basis {£„} of is given by, 

(9.53) 

(9.54) 

(9.55) 


^a(ci) Q)a ’ 

and the associated 1 -forms £„ are found to be 

"T Vab • 

Hermitian connection l-forms are of the form 

• 

Then, metricity and vanishing of torsion read respectively 

7'‘(i*'7'7 + 7“V) = 0 . (9-56) 

7'“'(S,< - = 0 . (9.57) 

The sets of matrices { 7 ^} and { 7 ^'^} being independent, conditions ( p.56|) and (|9.57|) 
require the vanishing of the terms in parenthesis and, in turn, these just say that the 
coefficients u ^ (or equivalently determine the Levi-Civita connection of the metric 


fll' 


39 


9 

The 2-forms of curvature can then be written as 

K * = i7'"floda‘ . 

with R^da components of the Riemannian tensor of the connection 
As for the Ricci 1-forms, they are given by 


(9.58) 


It takes some little algebra to hnd 


Ra = 


The scalar curvature is found to be 


r =: P„(7“fl„) = -;;a(7“7')fic7 = 7“flo7 . 


(9.59) 

(9.60) 

(9.61) 


which is just the usual scalar curvature 
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9.3.2 Other Gravity Models 


In [^, the action ( |9.46[ ) was computed for a Connes-Lott space M x Y, product 
of a Riemannian, four-dimensional, spin manifold M by an discrete internal space Y 
consisting of two points. The Levi-Civita connection on the module of 1-forms depends on 
a Riemannian metric on M and a real scalar field which determines the distance between 
the two-sheets. The action (|9.46|) contains the usual integral of the scalar curvature of 
the metric on M, a minimal coupling for the scalar field to such a metric, and a kinetic 
term for the scalar field. 

The Wodzicki residue methods applied to the same space yields a Hilbert-Space action 
which is the sum of the usual term for the metric of M together with a term proportional 
to the square of the scalar held. There is no kinetic term for the latter . 

A somewhat different model of geometry on the Connes-Lott space MxY was presented in 
7^. The hnal action is just the Kaluza-Klein action of unihed gravity-electromagnetism 


and consists of the usual gravity term, a kinetic term for a minimally coupled scalar held 
and an electromagnetic term. 
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10 Quantum Mechanical Models on Noncommuta- 
tive Lattices 


As a very simple example of a quantum mechanical system treated with techniques of non- 
commutative geometry on noncommutative lattices, we shall construct the ^-quantization 
of a particle on a lattice for the circle. We shall do so by constructing an appropriate 
‘line bundle’ with connection. We refer to |Q and P for more details and additional held 
theoretical examples. In particular, in [^] we derived the Wilson’s actions for gauge and 
fermionic helds and analogues of topological and Chern-Simons actions. 

The real line IR^ is the universal covering space of the circle S^, the fundamental group 
7ri(S'^) = Z acting on IR^ by translation 

3 X ^ x + N , N E Z . (10.1) 

The quotient space of this action is and the the proiection : IR^ —>■ is given by 

]R^3x^ e 5h 

Now, the domain of a typical Hamiltonian for a particle on needs not consist of 
functions on S^. Rather it can be obtained from functions xfjo on IR^ transforming under 
an irreducible representation of vr(S'^) = Z, 

Pe-.N ^ (10.2) 


according to 


ipeix + N) = e''^^'ipB{x) . 


(10.3) 


The domain Dg{H) for a typical Hamiltonian H then consists of these V’e restricted to a 
fundamental domain 0 < x < 1 for the action of Z, and subjected to a differentiability 
requirement: 


Dg{H) = {'ll^g : V’e(l) 


e*Ve(0) ; 


#e(l) ^ ^^e dV>e(0) 
dx dx 


( 10 . 4 ) 


In addition, H'ljje must be square integrable for the measure on used to dehne the 
scalar product of wave functions. 

One obtains a distinct quantization, called 6'-quantization, for each choice of e*®. 


Equivalently, wave functions could be taken to be single-valued functions on while 
adding a ‘gauge potential’ term to the Hamiltonian. To be more precise, one constructs 
a line bundle over with a connection one-form given by i6dx. If the Hamiltonian with 
the domain (|1U.4D is —d‘^/dx‘^, then the Hamiltonian with the domain DQ(h) consisting of 
single valued wave functions is —{d/dx -f 


There are similar quantization possibilities for a noncommutative lattice for the circle 
as well [0. One constructs the algebraic analogue of the trivial bundle on the lattice 
endowed with a gauge connection which is such that the corresponding Laplacian has an 
approximate spectrum reproducing the ‘continuum’ one in the limit. 
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Figure 26: P 2 NiS^) for the approximate algebra C(^). 


As we have seen in Section the algebra A associated with any noncommutative 
lattice of the circle is rather complicate and involves inhnite dimensional operators on 
direct sums of inhnite dimensional Hilbert space. In turn, this algebra A, being AF 
(approximately hnite dimensional), can indeed be approximated by algebras of matrices. 
The simplest approximation is just a commutative algebra C{A) of the form 

C{A) ~ = {c = (Ai, A 2 , • • •, Xn) : A, G C} . (10.5) 


The algebra ( |1U.5| ) can produce a noncommutative lattice with 2N points by considering a 
particular class of not necessarily irreducible representations as in Fig. In that Figure, 
the top points correspond to the irreducible one dimensional representations 


TTj : C{A) ^ C , c H->• 7rj(c) = Ai , i = 1, ■ ■ ■, N . 


( 10 . 6 ) 


As for the bottom points, they correspond to the reducible two dimensional representa¬ 
tions 


TTi+iv : C(Al) ^ IM2(C) , c vri+Ar(c) 


Ai 0 

0 Ai+i 


* = l,---,iV, (10.7) 


with the additional condition that iV -I- 1 = 1. The partial order, or equivalently the 
topology, is determined by inclusion of the corresponding kernels as in Section |^. 


By comparing Fig. ^ with the corresponding Fig. [13, we see that by trading A 


with C{A), all compact operators have been put to zero. A better approximation would 
be obtained by approximating compact operators with hnite dimensional matrices of 
increasing rank. 


The hnite projective module of sections S associated with the trivial bundle is just 
C{A) itself: 

£ = (D^ = {7^ = (/i^,^2 ,---,hiv) : /ii e C} . ( 10 . 8 ) 

The action of C{A) on S is simply given by 


£xC{A)^S, {r],c) ^ rjc = {riiXi,r] 2 X 2 -■-tinXm) ■ (10.9) 
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On £ there is a C(^)-valued Hermitian structure (•,•), 


{v':V) ■= iViVi,V2V2r--,v'NVN) e C{A) . (10.10) 


Next, we need a iC-cycle {H,D) over C(A). We take for 7i just on which we 
represents elements of C(A) as diagonal matrices 

C{A) 3c^ diag(Ai, A 2 ,... \n) e B{€^) ~ IM^(C) . (10.11) 

Elements of £ will be realized in the same manner, 

£ 37 ]^ diag(pi,p2,.. .r?v) e i3(C^) ~ lM7v(C) . (10.12) 


Since our triple (C(Al), TY, H) will be zero dimensional, the (C-valued) scalar product 
associated with the Hermitian structure (|10.10|) will be taken to be the following one 


N 


(h', v) = Y 1 vtvj = tr{v, v) , V V, p G £ . (10.13) 

i=i 


By identifying N + j with j, we take for the operator D the N x N self-adjoint matrix 
with elements 

Dij = -^(m*(5i+ij -f , i,j = , (10.14) 

where m is any complex number of modulus one, mm* = 1. 


As for the connection one form p on the bundle £, we take it to be the hermitian 
matrix with elements 


Pij = 

a = _ 1 


i+i,j + o'mSij+i) , 


(10.15) 


One checks that, modulo junk forms, the curvature of p vanishes, namely 

dp + p^ = Q. (10.16) 

It is also possible to prove that p is a ‘pure gauge’, that is that there exists a c G C(A) such 
that p = c~^dc, only for 9 = 27ik, with k any integer. If c = diag(Ai, X 2 ,..., Xn), any such 
cwillbegivenbyAi = A, A 2 = ,..., A^ = ^ ^ ^i 2 nkiN-i)/N ^ ^ ^ 

not equal to 0 (these properties are the analogues of the properties of the connection iOdx 
in the ‘continuum’ limit). 

The covariant derivative X/e on £,We£^£ ®c(yi) 0^(C(^)) is then given by 

WeV = [D,p] + pp , V p G T . (10.17) 
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(10.18) 


In order to define the Laplacian Aq one first introdnces a ‘dnah operator V* via 

i^qV'^^qV) = ^ V ^ ^ ■ 

The Laplacian Ag on £^ A 0 ■. £ ^ £^ can then be dehned by 

= -g(Vg)*Vg ?7 , \/ r] e£ , (10.19) 

where q is the orthogonal projector on £ for the scalar product (■, ■) in ( p.0.13|) . This 
projection operator is readily seen to be given by 

{qM)ij = MiiSij , no summation on i , (10.20) 

with M any element in ]Mjv(C). Hence, the action of Ag on the element rj = [rji, ■ ■ ■, pjv) , 
riN+i = hii is explicitly given by 


i^eV)ij 

-(V;Vgp)ii 


{-[D,[D,7]]]-2p[D,7]] -p^T]},, 

h J Zl 

4 ; ^ = 1, 2, ■ • •, iV . 


The associated eigenvalue problem 


has solutions 


Aep = Xp 


A 

V 


Xk — ^ 


cos{k + —) 


= diag(r7f\pfV 




27r 

k = m — , m = 1, 2, • • •, iV , 
jV 


( 10 . 21 ) 

( 10 . 22 ) 

(10.23) 

(10.24) 


with each component having an expression of the form 

e C . (10.25) 

We see that the eigenvalues ( |10.23|) are an approximation to the continuum answers 
, fc G IR. 
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Appendices 


A Basic Notions of Topology 


In this appendix we gather few fundamental notions regarding the notions of topology 
and topological spaces while referring to [^, 

A topological space is a set S together with a collection r = {Oa} of subsets of S, 
called open sets, which satisfy the following axioms 

Oi- The union of any number of open sets is an open set. 

02- The intersection of a finite number of open sets is an open set. 

O 3 . Both S and the empty set 0 are open. 

Topology allows one to dehne the notion of continuous map. A map / : {Si, ti) —>■ (S' 2 , T 2 ) 
between two topological spaces is dehned to be continuous if the inverse image f~^{0) is 
open in Si for any open O in S' 2 . A continuous map / which is a bijection and such that 
is continuous as well is called a homeomorphism. 

Having a topology on a space, one can dehne the notion of limit point of a subset. A 
point p is a limit point of a subset X of S if every open set containing p contains at least 
another point of X distinct from p. 

A subset X of a topological space S is called closed if the complement S \ X is open. It 
turns out that the subset X is closed if and only if it contains all its limit points. 

The collection {Ca} of all closed subsets of a topological space S, satisfy properties 
which are dual to the corresponding ones for the open sets. 

Cl- The intersection of any number of closed sets is a closed set. 

6 * 2 . The union of a hnite number of closed sets is a closed set. 

C 3 . Both S and the empty set 0 are closed. 

One could then give a topology on a space by giving the collection of closed sets. 

The closure X of a subset X of a topological space {S, r) is the intersection of all 
closed set containing X. It is evident that X is the smallest closed set containing X and 
that X is closed if and only if X = X. It turns out that a topology on a set S can be 
given by means of a closure operation. Such an operation is an assignment of a subset X 
of S to any subset X of S, in such a manner that the following Kuratowski closure axioms 
are true 
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Xi. 

0 = 0 . 

K2. 

X cX. 

K3. 

X = X . 

X4. 

xux = 


XUl". 


If a is the family of all subset X of S' for which X = X and r is the family of all 
complements of members of a, then r is a topology for S, and X is the r-closure of X for 
any subset of S. Clearly, a is the family of closed sets. 

A topological space S is said to be a Tq- space if: given any two points of S, at least 
one of them is contained in an open set not containing the other. This can also be stated 
by saying that for any couple of points, at least one of the points is not a limit point of 
the other. In such a space, there may be sets consisting of a single point which are not 
closed. 


A topological space S is said to be a Ti-space if: given any two points of S, each of 
them lies in an open set not containing the other. This requirement implies that each 
point (and then, by C 2 above, every hnite set) is closed. This is often taken as a dehnition 
of Ti-space. 

A topological space S is said to be a T 2 -space or a Hausdorff space if: given any two 
points of S', there are disjoint open sets each containing just one of the two points. 

It is clear that the previous conditions are in an increasing order of strength in the sense 
that being T 2 implies being Ti and being Ti implies being Tq. 

A family U of sets is a cover of a (topological) space if S' = U{-A, X gU}. The family 
is an open cover of S' if any member of U is an open set. The family is a finite cover is 
the number of members of U is hnite. It is a locally finite cover if and only if every x G S 
has a neighborhood that meets only a hnite number of members of the family. 

A topological space S' is called compact if any open cover of S has a hnite sub cover of S. 
A topological space S is called locally compact if any point of S' has at least one compact 
neighborhood. A compact space is automatically locally compact. If S is a locally compact 
space which is also Hausdorh, then the family of closed compact neighborhoods of any 
point is a base for its neighborhood system. 


The support of a real or complex valued function / on a topological space S' is the 
closure of the set X/ = {x G S' | /(x) 7^ 0}. The function / is said to have compact 
support if Kf is compact. The collection of all continuous functions on S' whose support 
is compact is denoted by Cc(S'). 

A real or complex valued function / on a locally compact Hausdorh space S' is said 
to vanish at infinity if for every e > 0 there exists a compact set X C S' such that 
|/(x)| < e for all x ^ K. The collection of all continuous functions on S which vanishes 
at inhnity is denoted by C'o(S'). Clearly Cc(S') C Co(S'), and the two classes coincides if 
S is compact. Furthermore, one can prove that Co(S) is the completion of C'c(S) relative 
to the supremum norm (p.8|) described in Example |2.1| |]^ . 
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A continuous map between two locally compact Hausdorff spaces / : Ai —5*2 is called 
proper if and only if for any compact subset K of S 2 , the inverse image is a 

compact subset of Si. 

A space which contains a dense subset is called separable. A topological space which 
has a countable basis of open sets is called second-countable (or completely separable). 

A topological space S is called connected if it is not the union of two disjoint, nonempty 
open set. Equivalently, if the only sets in S that are both open and closed are S and the 
empty set. A subset C of the topological space S is called a component of S, provided 
that C is connected and maximal, namely is not a proper subset of another connected 
set in S. One can prove that any point of S lies in a component. A topological space 
is a called totally disconnected if the (connected) component of each point consists only 
of the point itself. The Cantor set is a totally disconnected space. In fact, any totally 
disconnected, second countable, compact hausdorff space is homeomorphic to a subset of 
the Cantor set. 

If Ti and T 2 are two topologies on the space S', one says that Ti is coarser than T 2 (or 
that T2 is finer than rfi if and only if ti C r2, namely if and only if any subset of S which 
is open in ti it is also open in T 2 . Given two topologies on the space S it may happen that 
neither of them is coarser (or hner) than the other. The set of all possible topologies on 
the same space is a partially ordered set whose coarsest element is the topology in which 
only 0 and S are open, while the finest element is the topology in which all subsets of S 
are open (this topology is called the discrete topology). 
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B The Gel’fand-Naimark-Segal Construction 

A state on the C^-algebra ^ is a linear functional 


which is positive and of norm one, namely it satishes 


(B.l) 


(j){a*a) > 0 , \/ a E A , 

Pll = l. (B.2) 

Here the norm of 0 is dehned as usual by ||(/)|| = sup{\(f){a)\ : ||a|| < 1}. If A has a unit 
(we always assume this is the case) the positivity implies that 

11011 = 0(1) = 1. (B.3) 


The set 5(^) of all states of A is clearly a convex space, since A0i + (1 — A )02 G 5(Al), 
for any 0i, 02 G 5(AI) and 0 < A < 1. Elements at the boundary of iS(Al) are called pure 
states, namely, a states 0 is called pure if it cannot be written as the convex combination 
of (two) other states. The space of pure states is denoted by VS {A). If the algebra A is 
abelian, a pure state is the same as a character and the space VS {A) is just the space A 
of characters of A] endowed with the Gel’fand topology is a Hausdorff (locally compact) 
topological space. 


With each state 0 G 5(Al) there is associated a representation (Ti^, vr^) of A, called 
the Gel’fand-Naimark-Segal (GNS) representation. The procedure to construct such a 
representation is also called the GNS construction which we shall now briefly describe 
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Suppose then that we are given a state 0 G 5(^) and consider the space 


= {a G Al I 0(a*a) = 0} . (B.4) 

By using the fact that (j){a*b*ba) < 116||^0(a*a), one infers that A/^ is a closed (left) ideal 
of A. The space A/M^j, of equivalence classes is made a pre-Hilbert space by dehning a 
scalar product by 


A/M(f, X A/Af(f, —> C , (a -|- Af^, b -I- Af^) i —> (j)[a*b) . (B.5) 

The scalar product is clearly independent of the representatives in the equivalence classes. 
The Hilbert space completion of A/Af^ is the space of the representation. Then, to 
any a E A one associates an operator 7r(a) G B{A/Af^) by 

Ti{a){b + Af^) =■. ab + Af^ . (B. 6 ) 

Again, this action does not depends on the representative. From | |7r(a)(6-|- A/"^)! = 

(j){b*a*ab) < ||a||^0(6*6) = || 6 -|-A/ 0 ||^ one gets ||7r(a)|| < ||a|| and in turn, 7r(a) G 


155 







There is a unique extension of 7r(a) to an operator 7r^(a) G B{TL^). Finally, 
one easily checks the algebraic properties 'n^{aia 2 ) = vr<^(ai)vr<^(a 2 ) and = (7r<^(a))* 

and one gets a *-morphism (a representation) 

Ti^ : A —> B{H^) , a Tr^{a) . (B.7) 


It turns out that any state 0 is a vector state, namely there exists a vector G 
with the property, 

= <^(«) , V a G ^ . (B.8) 

Such a vector is dehned by 

e^=: [1]=1 + X^, (B.9) 

and is readily seen to verify (|B.8|) . Furthermore, the set {71^(0)^^ \ a G A} is just the 
dense set A/Af^ of equivalence classes. This fact is stated by saying that the vector is 
a cyclic vector ioi the representation { 71 ^, 17 ^). By construction, and by ([B.3|) , the cyclic 
vector is of norm one, ||C</)||^ = II0II = 1- 

The cyclic representation (T-f,/,, tt^, is unique up to unitary equivalence. If (TY^, vr^, 
is another cyclic representation such that 7r^(a)C^) = 0(a), for all a & A, then there 
exists a unitary operator U : such that 


U = 7r^(a) , 'i a € A , 

UU = Vt . (B.IO) 


The operator U is just dehned by U7i^{a)^(p = vr^(a)^^ for any a E A. Then, the properties 
of the state 0 ensure that U is well dehned and preserves the scalar product. 


It is easy to see that the representation (Ti^, ^</,) is irreducible if and only if every non 
zero vector ^ G is cyclic so that there are no nontrivial invariant subspaces. It is 
somewhat surprising that this happens exactly when the state 0 is pure . 


Proposition B.l 

Let A be a C*-algebra. Then, 

1. A state (j) on A is pure if and only if the associated GNS representation {Hrp, is 
irreducible. 

2. Given a pure state (f on A there is a canonical bijection between rays in the associated 
Hilbert TL^j, and the equivalence class of 0, 

C(j, = {0 pure state on ^ | vrp equivalent to . 


□ 
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The bijection of point 2. of previous preposition is explicitly given by associating with 
any ^ G , ||,^|| = 1 , the state on A given by 

^(a) = (^,7r0(a)O , VaG^, (B.ll) 

which is seen to be pure. As said before, the representation being associative, 

each vector of Tifp is cyclic; this in turn implies that the representation associated with 
the state ip is equivalent to (H^, tt^). 


As a simple example, we consider the algebra M 2 (C) with the two pure states con¬ 
structed in Section I 


Oil ai 2 
®21 ®22 


) — Oil , 02( 


Oil ai 2 
0-21 ®22 


) — 022 • 


(B.12) 


As we mentioned before, the corresponding representations are equivalent. We shall show 
that they are both equivalent to the the defining two dimensional one. 

The ideals of elements of ‘vanishing norm’ of the states 0i, 02 are respectively. 




0 ai 2 
0 022 


A /2 — 


dll 0 
021 0 


(B,13) 


The associated Hilbert spaces are then found to be 

n,= 


xi 0 
X2 0 


n2 = 


0 yi 
0 2/2 


~ = 
~ (D^ = I X = 


Xi 

X2 


yi 

2/2 


(X, X') = x\x'i -h x* 2 x '2 ■ 
{¥,¥') = yly'i + yly2- (b.i4) 


As for the action of any element A G M 2 (C) on TYi and H 2 , we get 
7ri(A) 


Xl 

0 


. ^2 

0 


' 0 

yi 


0 

2/2 _ 



oiiXi 012X2 0 

021X1 -|- 022X2 0 


vr 2 (A) 

The two cyclic vectors are given by 

6 = 


0 Oiii/i -|- 0121/2 
0 0211/1 + 022I/2 


= A 

= aI 


Xi 

X2 


yi 

2/2 


(B.15) 


1 

0 


6 = 


0 

1 


(B.16) 


The equivalence of the two representations is provided by the off-diagonal matrix 


U = 


0 1 
1 0 


(B.17) 


which interchange 1 and 2 , = p^ 2 - fa fact, by using the fact that for an irreducible 

representation any non vanishing vector is cyclic, from (|B.15| ) we see that the two repre¬ 
sentation can indeed be identified. 
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C Hilbert Modules 


The theory of Hilbert modules is a generalization of the theory of Hilbert spaces and 
it is the natural framework for the study of modules over a C*-algebra A endowed with 
hermitian ^-valued inner products. Hilbert modules have been (and are) used in a variety 
of applications, notably for the notion of strong Morita equivalence. The subject started 
with the works and . We refer to |p.02|| for a very nice introduction while we report 
on the fundamentals of the theory. Throughout this appendix, A will be a C*-algebra 
(almost always unital) with and its norm will be denoted simply by || ■ ||. 


Definition C.l 

A right pre-Hilbert module over A is a right A-module £ endowed with an A-valued 
hermitian structure, namely a sesquilinear form ( , )_^ : £ x £ ^ A, which is conjugate 
linear in the first variable and such that 

{Vl,V2a)J^ = {vi,V2)a(^ ^ (C- 1 ) 

{VuV2)*a = {V2,Vi)a ^ (C-2) 

iv, > 0 , {r],r])^ = 0 ^ r] = 0 , (C.3) 


for all rii,ri 2 ,ri ^ £, a E A. 


By the property ( |C.3|) in the previous definition the element {rj,!])^ is self-adjoint. As 
in ordinary Hilbert spaces, the property (|C.3|) provides a generalized Cauchy-Schwartz 
inequality 

< II , Vr 7 ,^GT, (C.4) 

which in turns, implies 

II (??,0^ll^ < II (^,^)^llll ('^,0>ill ) ^r]AE£, (C.5) 

By using these properties and the norm || ■ || in ^ one can defines a norm in £. 


Definition C.2 

The norm of any element rj E £ is defined by 




{v,v) 


(C. 6 ) 

o 


Then, one can prove that || ■ ||_4 satisfies all properties (p.4|) of a norm. 
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Definition C.3 

A right Hilbert module over A is a right pre-Hilbert module £ which is complete with 
respect to the norm || ■ |L. 


O 


By completion any right pre-Hilbert module will give a right Hilbert module. 
It is clear that Hilbert modules over C are ordinary Hilbert spaces. 


A structure of left (pre-) Hilbert module on a left ^-module £ is provided by an A- 
valued Hermitian structure ( , on £ which is conjugate linear in the second variable 
and the condition (|C.1|) is replaced by 


{ar]i,ri 2 )_^ = a{r]i,ri 2 )_^ , W r]i,r] 2 ,^ £, a e A . (C.7) 


In the following, unless stated otherwise, by Hilbert module we shall mean a right one. 
It is straightforward to pass to eqnivalent statements concerning left modules. 

Given any Hilbert module £ over A, the closure of the linear span of { {rji, r] 2 )ji^ , ^ 

is an ideal in A. If this ideal is the whole of A the module £ is called a full Hilbert 
module 0 

It is worth noticing that, contrary to what happens in an ordinary Hilbert space, Pythago¬ 
ras equality is non valid in a generic Hilbert module £. If rii,ri 2 are any two orthogonal 
elements in A, namely = 0, in general one has that | + ^ 2 ! 7^ I l^il |^+ I Ih 2 | 1^- 

Indeed, properties of the norm only assure that \\rii < ll^ill^ + ll^ 2 ||^- 

An ‘operator’ on a Hilbert module needs not admits an adjoint. 


Definition C.4 

Let £ be an Hilbert module over the C*-algebra A. A continuous A-linear maps T : £ ^ £ 
is said to be adjointable if there exists a map T* : £ ^ £ such that 

{T*VuV2)a = {Vi,Tr]2)A ^ yVuV2^£- (C.8) 

The map T* is called the adjoint ofT. We shall denote by Endji^{£) the collection of all 
continuous A-linear adjointable maps. Elements of Endj[{£) will be also called endomor- 
phisms of £. 


O 

One can prove that if T G End_A{£), then its adjoint T* G End_A{£) with {T*)* = T. 
Also, if both T and S are in End_A{£), then TS* G Endj\,{£) with iTS)* = S*T*. Finally, 
endowed with this involution and with the operator norm 

_ ni- : II>)IU<1}. (C.9) 

■^^Rieffel call it an A-rigged space. 
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the space End^^iS) becomes a C'*-algebra of bounded operators: [Tr], Trj)j^ < \ |T| {rj, rf) 
Indeed, End^^^A) is complete if S is. 

There are also the analogue of compact endomorphisms which are obtained as usual 


from ‘endomorphisms of hnite rank’. For any r]i,r ]2 G T an endomorphism |?7i) ( 772 ! is 
dehned by 


\vi) (h2| (6 =: hi (h2,6^ , 

V^gT . 

(C.IO) 

Its adjoint is just given by 



(Ihl) (h2|)* = Ih2) (hll , V 

hi,h2 e £ . 

(C.ll) 

One can check that 



II Ihl) (h2| lU 6 ||hllUllh2|U 

, V^gT. 

(C.12) 


Furthermore, for any T G Endj[{£) and any ?7i, ^ 72 , ^ 1 , ^2 G £, one has the expected 
composition rules 


T O \7]i) {r]2\ = \T7 ]i) {7]2\ , (C.13) 

|r/i)(7^2|oT = |r^i)(T*r^2| , (C.14) 

\vi) {V2\ o 16 ) (61 = \vi (h2,6)^) (61 = \vi) ((h2, 6)^61 • (C.is) 

From this rule, we get that the linear span of the endomorphisms of the form ( |C.10|) is a 
self-adjoint two-sided ideal in End_A{£). The norm closure in Endj[{£) of this two-sided 
ideal is denoted by End^{£); its elements are called compact endomorphisms of £. 


Example C.l 
The Hilbert module A. 

The C*-algebra A can be made into a (full) Hilbert Module by considering it a right 
module over itself and with the following Hermitian structure 


{ ^ \ £ X £ ^ A , (a, 6)yi =: o*b , V a, 6 G M 


(C.16) 


The corresponding norm coincides with the norm of A since from the norm property (|2.7|) , 
Y^l I (a, a)j^ 11 = Y^l |a*a| I = ^||a||^ = ||a||. Thus, A is complete also as a Hilbert 




module. Furthermore, the algebra A being unital, one hnds that Endj[{A) ~ End^{A) ~ 
A, with the latter acting as multiplicative operators on the left on itself. In particular, 
the isometric isomorphisms End^{A) ~ M is given by 


End'^iA) (^fcl 


, V Afe G C , Ofe, 6 £ • (C.17) 


A 
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Example C.2 

The Hilbert module . 

Let = A X ■ ■ ■ X ^ be the direct sum of N copies of A. It is made a full Hilbert 
module over A with module action and hermitian product given by 


(cii, • • ■, (In)(i ='. (did, ■ ■ •, (Incl) , (C.18) 

n 

((di, • • • , dAr), (6i, • • • , =: X! , (C.19) 

k=l 


for all d, dfc, G A. The corresponding norm is 

n 

||(di, • • •, dAr)||_4 =; II X! ®fc®fcll • (C.20) 

k=l 


That A^ is complete in this norm is a consequence of the completeness of A with respect 
to its norm. Indeed, if (d“, • • •, d^)Qg]N is a Cauchy sequence in A^ , then, for each 
component, (d^)Q,g]s[ is a Cauchy sequence in A. The limit of (df, • • •, d^)«6N in A^ is 
just the collection of the limits from each component. 

Since A is taken to be unital, the unit vectors {ck} of form an orthonormal basis for 
A^ and each element of A^ can be written uniquely as (di, ■ • ■, dAr) = J2k=i giving an 
identihcation A^ ~ C'^ As already mentioned, in spite of the orthogonality of the 

basis elements, one has that ||(di, • ■ ■, dAr )||_4 =: \\JAk=i<^k^k\\ 7 ^ J2k=i\\^k^k\\- Parallel 
to the situation of the previous example, the algebra A being unital, one finds that 
End_A_{A^) ~ End^j^{A^) ~ 1M„(^). Here 1M„(^) is the algebra of n x n matrices with 
entries in A; it acts on the left on A^. The isometric isomorphisms End^{A^) ~ 1M„(^) 
is now given by 


End°^{A) 3 |(di,---,dAr)) {{bi,-■ ■ An)] 


^ aAl ■ ■ ■ di6^ \ 
y dAT&t ■ ■ ■ dAT&yr / 


which is extended by linearity. 


y (IkAk ^ A , 


(C.21) 


A 


Example C.3 

The sections of an Hermitian complex vector bundle. 

Let A = C (M) be the commutative C'*-algebra of complex-valued continuous functions on 
the locally compact Hausdorff space M. Here the norm is the sup norm as in (|2.8|) . Given 
a complex vector bundle E M, the collection r(E,M) of its continuous sections is a 
C'(M)-module. This module is made a Hilbert module if the bundles carries a Hermitian 
structure, namely a Hermitian scalar product ( , )^ : Ep x Ep —> C on each fibre Ep, 
which varies continuously over M (the space M being compact, this is always the case. 
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any such a structure being constructed by standard arguments with a partition of unit). 
The C(M)-valued Hermitian structure on T{E,M) is then given by 

{VuV2)ip)= (hi(p),h2(p))E^ , V r/i,r/2 e r(E,M) , p e M . (C. 22 ) 

The module r{E,M) is complete for the associated norm. It is also full since the linear 
span of {(^ 1 ,^ 2 ) , Vi,V 2 G is dense in C{M). Furthermore, one can prove (see 

later) that Endc{M)(^{E, M)) ~ EndQ(^f^^^{T{E, M)) = T{EndE, M) is the (T^-algebra of 
continuous sections of the endomorphism bundle EndE M oi E. 

If M is only locally compact, one has to consider the algebra Co{M) of complex¬ 
valued continuous functions vanishing at inhnity and the corresponding module ro(i?, M) 
of continuous sections vanishing at inhnity which again can be made a full Hilbert module 
as before. But now Endc{M)(Xo{E, M)) = V},{EndE, M), the algebra of bounded sections, 
while End^(^]^^{To{E, M)) = To{EndE,M), the algebra of sections vanishing at inhnity. 


A 

It is worth mentioning that not every Hilbert module over C{M) arises in the manner 


described in the previous example. From the Serre-Swan theorem described in Section ^ 


one obtains only (and all) projective modules of hnite type. Now, there is a beautiful 
characterization of projective modules S over a A^-algebra A in terms of the compact 
operators EndP{£) 


Proposition C.l 

Let A be a unital C*-algebra. 

1. Let S be a Hilbert module over A such that G End^{S) (so that End{S) = 
End^{S)). Then, the underlying right A-module is projective of finite type. 

2. Let £ be a projective module of finite type over A. Then, there exist A-valued 
hermitian structures on £ for which £ becomes a Hilbert module and one has that 

G EndP{£). Furthermore, given any two A-valued hermitian structures { , )i 
and { , ) 2 , on £, there exists an invertible endomorphism T of £ such that 

{pA)2 = {Tv,to, , Vp,eeT. (C.23) 


Proof. To prove point 1., observe that by hypothesis there are two hnite strings {Cfc} 
of elements of £ such that 

Is = E l«t> (41 ■ (C-24) 

k 

Then, for any p G T, one has that 

V = ^sV = Yl (Cfcl h = II6 (Cfc, v)a ’ (^-25) 

k k 
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and E is finitely generated by the string If iV is the length of the strings {Cfc}) 
one can embed as a direct summand of , proving that £ is projective. The embedding 
and the surjection maps are dehned respectively by 


X-.E^A^, X{r]) = (((i, ,..., r])^) , 

p-.A^^E, p((ai,---,aAr)) • (C.26) 


Then, for any pe£, poX{p) = p(((Ci, ,''', {Cn, v)a)) = {Ck, v)a = ^k 16) (61 iv) 

Eg ( 77 ), namely p o A = Eg as required. The projector p = Xo p identihes E as pA^. 


To prove point 2., observe that, the module E being a direct summand of the free 
module A^ for some N, the restriction of the Hermitian structure ( |C.19| ) on the latter 
to the submodule E makes it a Hilbert module. Furthermore, if p : A^ ^ is the 
surjection associated with £, the image = p{ek),k = of the free basis {ck} 

of A^ described in Example |C.2| is a (not free) basis of E. Then the identity E^: can be 
written as 

Is = E ki) fel . (C.27) 


and is an element of End\{E). 


□ 
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D Strong Morita Equivalence 


In this Appendix, we describe the notion of strong Morita eqnivalence |^, ^ between 
two C^-algebras. This really boils down to an eqnivalence between the corresponding 
representation theories. We refer to the previous Appendix |y for the fundamentals of 
Hilbert modules over a C*-algebra. 

Definition D.l 

Let A and B be two C*-algebras. We say that they are strongly Morita equivalent if there 
exists a B-A equivalence Hilbert bimodule S, namely a module £ which is at the same 
time a right Hilbert module over A with A-valued Hermitian structure { , )j^, and a left 
Hilbert module over B with B-valued Hermitian structure { , such that 

1. The module £ is full both as a right and as a left Hilbert module; 

2. The Hermitian structure are compatible, namely 

{v,Ob( = ^ Vr 7 ,^,CeT; (D.l) 

3. The left representation of B on £ is a continuous * -representation by operators which 
are bounded for { , namely {bri,bri)_^ < || 6 ||^ {VjV)a- 

Similarly, the right representation of A on £ is a continuous *-representation by 
operators which are bounded for ( , )g, namely ( 770 , 770 )^ < ||a||^ ( 77 , r/)^. 


O 


Example D.l 

For any full Hilbert module £ over the C*-algebra A, the latter is strongly Morita equiv¬ 
alent to the C*-algebra End\{£) of compact endomorphisms of £. If £ is projective of 
hnite type so that by Proposition |C.1| Endf\{£) = EndA{£), the algebra A is strongly 
Morita equivalent to the whole EndA{£)- 

Consider then a full right Hilbert module £ on the algebra A with M-valued Hermitian 
structure ( , Now, T is a left module over the C^-algebra End\{£). A structure 
of left Hilbert module is constructed by inverting dehnition ( |C.10|) so as to produce an 
End\{£)-\dX\ie(i Hermitian structure on £, 


(’(l.'( 2 >E„dO(£) =: l')l> tel , Vl(l, 7 ( 2 e£ 


(D,2) 


It is straightforward to check that the previous structure satishes all properties of a left 
structure including conjugate linearity in the second variable. From the very dehnition 
of compact endomorphisms, the module £ is full also as a module over End\{£) so that 
requirement 1. in the Dehnition |D.1| is satished. Furthermore, from dehnition |C.10 
has that for any 7 / 1 , 772 , G £, 


one 


{31.32)EnS>{S)i =■ 1^1) (^2! (0 = 3 l {32.0A 


(D.3) 
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so that also requirement 2. is met. Finally, the left action of End\{£) on £ as ^-module 
is by bounded operator. And, for any a G E £, one has that 




< 

< 

< 


{{rja) {va,OA^OA 
{r]aa* {v,0a^0a 

{v,0*Aaa* {v,Oa 
{v,0*a{v,0a 
l|a||^ iv {v,0a^0a 

{{v,v)End0^iS)^^^)^ > 


(D.4) 


from which we get 

End\(£) — ll®ll (Vy V)End°^{£) > 

which is the last requirement of Dehnition p.l| . 


(D.5) 


A 

Given any B-A equivalence Hilbert bimodule £ one can exchange the role of A and B 
by constructing the associated complex conjugate 0 A-B equivalence Hilbert bimodule £ 
with a right action of A and a left action of A. As an additive groups £ is identihed with 
£ and any element of it will be denoted by p, with rj E £. Then one gives a conjugate 
action of A, B (and complex numbers) with corresponding Hermitian structures. The left 
action by A and the right action by B are dehned by 

a ■ rj =: rja* , ^ a E A ,rj E £ , (D.6) 

rj ■ b =\ b*r] , 'i b E B ,?j E £ , (D.7) 

and are readily seen to satisfy the appropriate properties. As for the Hermitian structures, 
they are given by 


{Vi,V2)a=-{Vi,V2)a ^ (D-8) 

{Vi,V2)b=- {Vi,V2)b , ^VuV2e£. (D.9) 

Again one readily checks that the appropriate properties, notably conjugate linearity in 
the second and hrst variable respectively, are satished as well as all the other requirements 
for an A-B equivalence Hilbert bimodule. 

As already mentioned, two strongly Morita equivalent G^-algebras have equivalent 
representation theory. We sketch this fact in the following while referring to |^, Q for 
more details. 

Suppose then that we are given two strongly Morita equivalent G^-algebras A and B 
with B-A equivalence bimodule £. Let (Ti, tia) be a representation of A on the Hilbert 

'^^Not to be confused with the dual module as introduced in eq. (iH. 
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space Ti. The algebra A acts with bounded operators on the left on TY via tt. This action 
can be used to construct another Hilbert space 

H' =: 8 T-L , r]a tjj — r] 7ryi(a)'0 = 0, ^aeA, rie8,'ijjeH, (D.IO) 
with scalar product 

(hi ^/’2) =: (-01, (hl,h2)^'02)H , y VuV2 ^ 8, en . (D.ll) 

A representation (H', vrg) of the algebra B is constructed by 

7rf5(6)(h =: (&h) 5 y b e A, T] eH' . (D.12) 


This representation is unitary equivalent to the representation (Ti, tt^). If one starts with 
a representation of A, by using the conjugate A-B equivalence bimodule 8 one constructs 
an equivalent representation of A. Therefore, there is an equivalence between the category 
of representations of the algebra A and the category of representations of the algebra B 

As a consequence, strong Morita equivalent C'*-algebras A and B have the same space 
of classes of (unitary equivalent) irreducible representations. Furthermore, there exists 
also an isomorphism between the lattice of two-sided ideals of A and B and a homeomor- 
phism between the spaces of primitive ideals of A and B. 


In particular, if a C'*-algebra A is strongly Morita equivalent to some commutative 
C*-algebra, from the results of Section the latter is unique and is the (T^-algebra of 
continuous functions vanishing at inhnity on the space M of irreducible representations 
of A. 

For any integer n, the algebra 1M„(C) 0 Cq{M) ~ lM„(C'o(M)) is strongly Morita equiv¬ 
alent to the algebra Cq{M). 


We hnish by mentioning that if A and B are two separable C^-algebras and /C is the 
C^-algebra of compact operators on an inhnite dimensional separable Hilbert space, then 
one proves that the algebras A and B are strongly Morita equivalent if and only if 
M 0 /C is isomorphic to B ® 1C. 
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E Partially Ordered Sets 

Here we gather few facts about partially ordered set taken mainly from 


Definition E.l 

A partially ordered set for poset for short) P is a set endowed with a binary relation ^ 
which satisfies the following axioms: 


Pi- 

X P X 

, for all X 

EP; 

(feflexivity ) 

P2. 

X Py 

and y P X 

X 

= y; /antisymmetry/ 

^3- 

X Py 

and y P z 

X 

P ; 2 . /transitivity/ 


The relation ^ is called a partial order and the set P will be said to be partially ordered. 
The relation x Py is also read x precedes y. The obvious notation x -< y will mean x P y 
and X ^ y; X P y will mean y P x and x P y will mean y x. Two elements x, y of 
P are said to be comparable A x P y or y P x] otherwise they are incomparable (or not 
comparable). A subset Q of P is called a subposet of P if it is endowed with the induced 
order, namely for any x,y E Q one has x Pq y in Q ii and only if x Pp y in P. 

An element x G P is called maximal if there is no other y E P such that x P y. An 
element x G P is called minimal if there is no other y E P such that y P x. Notice that 
P may admit more that one maximal and/or minimal point. One says that P admits a 
0 if there exists an element 0 G P such that 0 ^ x for all x G P. Similarly, P admits a 1 
if there exists an element 1 G P such that x P 1 for all x G P. 


Example E.l 

Any collection of sets can be partially ordered by inclusion. In particular, throughout the 
paper we have considered at length the collection of all primitive ideals of a O^-algebras. 


A 


Example E.2 

As mentioned in the previous Appendix, the set of all possible topologies on the same 
space S' is a partially ordered set. If ti and T 2 are two topologies on the space S', one 
puts Ti P T 2 if and only if ti is coarser than T 2 . The corresponding poset has a 0, the 
coarsest topology, in which only 0 and S are open, and a 1, the hnest topology, in which 
all subsets of S are open. 


A 
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Two posets P and Q are isomorphic if there exists an order preserving bijection 0 : 
P Q, that is a; ^ y in P if and only if (j){x) P (j){y) in Q, whose inverse is also order 
preserving. 

For any relation x P y in P, we get a (closed) interval dehned hj [x,y] = {z E P : x P 
z ^ y}- The poset P is called locally finite if every interval of P is hnite (it consists of a 
hnite number of elements). 

If x,y E P, we say that y covers x if x -< y and no element z E P satishes x -< z -< y. 
A locally hnite poset is completely determined by its cover relations. 

The Hasse diagram of a (hnite) poset P is a graph whose vertices are the elements of 
P drawn in such a manner that if x -< y then y is ‘above’ x; furthermore, the links are 
the cover relations, namely, if y covers x then a link is drawn between x and y. One does 
not draw links which would be implied by transitivity. In Section ^ we showed few Hasse 
diagrams. 

A chain is a poset in which any two elements are comparable. A subset O of a poset 
P is called a chain (of P) if O is a chain when regarded as a subposet of P. The length 
i{C) of a hnite chain is dehned as i{C) = \C\ — 1, with \C\ the number of elements in C. 
The length (or rank) of a hnite poset P is dehned as i{P) ='■ max {i-{C) \ is a chain of 
P}. If every maximal chain of P has the same length n, one says that P is graded of rank 
n. In this case there is a unique rank function p : P —>■ {0,1,..., n} such that p{x) = 0 if 
X is a minimal element and p{y) = p(x) + 1, if y covers x. The point x G P is said to be 
of rank i if p{x) = i. 

If P and Q are posets, their cartesian product is the poset Px Q on the set {(x, p) : x E 
P,y E Q} such that {x,y) P {x',y') in P x Q if x P x' in P and y y' in Q. To draw 
the Hasse diagram of P x Q, one draws the diagram of P,, replace each element x of P 
by a copy Qx of Q and connects corresponding elements of Qx and Qy (by identifying 
Qx — Qy) if X and y are connected in the diagram of P. 

Finally we mention that the dual of a poset P is the poset P* on the same set as P, 
but such that x P p in P* if and only if p P x in P. If P and P* are isomorphic, then P 
is called self-dual. 

If X, y belong to a poset P, an upper bound of x and y is an element z E P for which 
X P z and x P ?/. A least upper bound of x and y is an upper bound z of x and y such 
that any other upper bound w of x and y satishes z <w. If a least upper bound of x and 
y exists, then it is unique and it is denoted x y y fix join y\ Dually one can dehne the 
greatest lower bound x f\y fix meet y\ when it exists. A lattice is a poset L for which 
every pair of elements has a join and a meet. In a lattice the operations V ^md A satisfy 
the following properties 

1 . they are associative, commutative and idempotents (namely x \/ x = x /\ x = x); 

2. X f\ [x y y) = X = X y {x f\y) (absorbation laws); 

3. X /\ y = X ■<=> X y y ^ x fiy. 
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All finite lattices have the element 0 and the element 1. 



F Pseudo differential Operators 


We shall give a very sketchy overlook of some aspects of the theory of pseudo differential 
operators while referring to |^, 


98 for details. 


Suppose we are given a rank k vector bundle E ^ M with M a compact manifold 
of dimension n. We shall denote by the C'°°(M)-module of corresponding smooth 
sections. 

A differential operator of rank m is a linear operator 


P : r(M) —> r(M) , 


(F.l) 


which, in local coordinates x = {xi, ■ ■ ■, Xn) of M, is written as 


P 


Y. K{x){-iY\ 

\(y\<m 


dM 

dx^ 


QW\ ^“1 
dx'^ dxf^ 


d^n 


(F.2) 


Here a = (ai, • • •, a„), 0 < < n, is a multi-index of cardinality |a| = Each 

Aa is Si k X k matrix of smooth functions on M and 7 ^ 0 for some a with |a| = m. 

Consider now an element f of the cotangent space TfM, ^ = ffj^jdxj. The eomplete 
symbol of P is defined by the following polynomial function in the components fj. 

m 

, P^-j{x,Cl= Y ^c.{x)C , (F.3) 

i=0 |Q;|<(m-j) 


and the leading term is called the principal symbol 

(^^{x,0 = P^{x,0 = Y , (F.4) 

\a\=m 

here Hence, for each cotangent vector ^ G TfM, the principal symbol 

gives a map 

(F.5) 

where E^ is the hbre of E over x. If r : T*M M is the cotangent bundle of M and r*E 
the pullback of the bundle E to T*M, then, the principal symbol determines in an 
invariant manner a (fibre preserving) bundle homomorphism of t*E, namely an element 
oiT{T*EndE ^T*M). 

The differential operator P is called elliptic if its principal symbol \ E^ ^ E^ 

is invertible for any non zero cotangent vector ^ G T*M. If M is a Riemannian manifold 
with metric g = since is polynomial in being elliptic is equivalent to the 

fact that the linear transformation {f) : E^ ^ E^ is invertible on the cosphere bundle 


S*M = {{x,OeT*M : = 


(F.6) 
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Example F.l 

The Laplace-Beltrami operator A : C°°{M) —»• C°°{M) of a Riemannian metric g = {g^u) 
on M, in local coordinates is written as 


A/ 




dxf^dx’^ 


+ 


lower order term . 


(F.7) 


As for its principal symbol we have, 

= (F.8) 

flly 

which is clearly invertible for any non zero cotangent vector Therefore, the Laplace- 
Beltrami operator is an elliptic second order differential operator. 


A 


Example F.2 

Suppose now that M is a Riemannian spin manifold as in Section The corresponding 
Dirac operator can be written locally as. 


D = 'y{dx'^)d^ + lower order term , 


(F,9) 


and 7 is the algebra morphism dehned in (|5.43|) . Then, its principal symbol is just ‘Clifford 
multiplication’ by 

(F.IO) 

By using ( b.44| ) one gets 7(0^ = and the symbol is certainly invertible for 

7 ^ 0. Therefore, the Dirac operator is an elliptic hrst order differential operator. 


A 

By using its symbol, the action of the operator P on a local section u of the bundle 
E can be written as a Fourier integral, 

(Pu)(x) = A' J . 

4(0 = , (F.ll) 


with {^,x) = E]=iCjXj. 

One uses formula ( |F.11| ) to define pseudodifferential operators, taking p(x, A to belong to 
a more general class of symbols. The problems is to control the growth of powers in k. 
We shall suppose, for simplicity, that we have a trivial vector bundle over IR"^ of rank k. 
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With m G ]R, one defines the symbol class Sym^ to consist of matrix-valued smooth 
functions p{x,^) on IR"^ x IR"^, with the property that, for any x-compact K C IR" and 
any multi-indices a, /?, there exists a constant Cxap such that 

(F.12) 

with = (—and D'^ = (—Furthermore, the function p{x,^) 
has an ‘asymptotic expansion’ given by 


p{x,0 ~ • (F-13) 

j=0 

where Pm-j are matrices of smooth functions on IR"" x IR”, homogeneous in ^ of degree 

(m-j), 

Pm-j{x,XO = y^~^Pm-j{x,Cs , 1^1 > 1, A > 1 . (F.14) 

The asymptotic condition (|F.13|) means that for any integer N^ the difference 

N 

p(x,0 - Ep—.(^>0 = (F.15) 

i=o 

satisfies a regularity condition condition similar to (E3D: for any x-compact K G 
and any multi-indices a, (3 there exists a constant CkoP such that 

|DfDfF'^(x,OI < CKap{l + lel)—(^+h-l“l . (F.16) 

Thus, G SymF’~^~^ for any integer N. 

As we said before, any symbol p(x, G SymF defines a pseudodifferential operator P of 
order m by formula (|F.11|) where now m is a section of the rank k trivial bundle over IR” 
and can therefore be identified with a C^-valued smooth function on IR"'. The space of 
all such operators is denoted by ^DOm- Let P G ^DOm with symbol p G SymP. Then, 
the principal symbol of P is the residue class = [p] G SymP / SyirP~^ . One can prove 
that the principal symbol transforms under diffeomorphisms as a matrix-valued function 
on the cotangent bundle of IR”. 

The class Sym~°° is defined by flm SymP and the corresponding operators are called 
smoothing operators, the space of all such operators being denoted by ^DO-oo- An 
smoothing operator S has an integral representation with smooth kernel, namely its action 
on a section u can be written as 

(Fm)(x) = J K{x,y)u{y)dy , (F.17) 

where K{x,y) is a smooth function on IR"^ x IR'^ (with compact support). One is really 
interested in equivalence classes of pseudo differential operators, two operators P, P' being 
declared equivalent if P — P' is a smoothing operator. 
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Given P G "^DOm and Q G with symbols p{x,^) and q{x,^) respectively, the 

composition R = P o Q ^ '^DOm+n has symbol with asymptotic expansion 

. (F.18) 

— Q' ^ 
a 

In particular, the leading term |q;| = 0 of previous expression shows that the principal 
symbol of the composition is the product of the principal symbols of the factors 

0 = 0 • (F.19) 

Given P G '^DOm, its formal adjoint P* is dehned by 

{Pu,v)l2 = {u,P*)l2, (F.20) 

for all section u, v with compact support. Then, P* G TDOm and, if P has symbol p{x, (), 
the operator P* has symbol p*{x,^) with asymptotic expansion 

p'(x,() ~ T. '^D‘D^(p(x,()r , (F-21) 

Q; ^ 

with * on the right-hand side denoting matrix Hermitian conjugation {p{x, .^))* = p{x, *, 
* being matrix transposition. Again, by taking the leading term |q;| = 0, we see that the 
principal symbol a^* of P* is just the Hermitian conjugate of the principal symbol 

of P. As a consequence, the principal symbol of a positive pseudodifferential operator 
R = P*P is nonnegative. 

An operator P G TDOm with symbol p{x,^) is said to be elliptic if its principal 
symbol G Sym"^/Sym^~^ has a representative which, as a matrix-valued function on 
T*1R” is pointwise invertible outside the zero section .^ = 0 in T*1R"^. An elliptic (pseudo- 
) differential operator P G '^DOm admits an inverse modulo smoothing operators. This 
means that there exist a pseudo differential operator Q G TDO-m such that 

PQ-1 = Si, 

QP-1 = S2, (F.22) 

with Si and S 2 smoothing operators. The operator Q is called a parametrix for P. 

The general situation of pseudodifferential operators acting on sections of a nontrivial 
vector bundle E M, with M compact, is worked out with suitable partitions of unity. 
An operator P acting on r(i? — M) is a pseudodifferential operator of order m, if and 
only if the operator u 1 —> (j)P{'ipu) is a pseudodifferential operator of order m for any 
0,G C°°{M) which are supported in trivializing charts for E. The operator P is then 
recovered from its components via a partition of unity. Although the symbol of the 
operator P will depends on the charts, exactly as it happens for ordinary differential 
operators, its principal symbol has an invariant meaning as a mapping from T*M into 
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endomorphisms oi E ^ M. Thus, ellipticity has an invariant meaning and an operator 
P is called elliptic if its principal symbol is pointwise invertible off the zero section 
of T*M. Again, if M is a Riemannian manifold with metric g = since cr^(.^) is 

homogeneous in being elliptic means that the linear transformation cr^(^) : E^ 

is invertible on the cosphere bundle S*M C T*M. 


Example F.3 

Consider the one dimensional Hamiltonians given, in ‘momentum space’ by 

H{^,x) = e + V{x) , (F.23) 


with V{x) G C'‘^(1R). It s clearly a differential operator of order 2. The following are 
associated pseudodifferential operators of order —2,1, —1 respectively |l3^ . 


+ V)-^ = + 2RWr^ + , 

+ i + - + ..., 

(^2 + yyip ^ ^-1 _ :^^-3 ^ ^^-4 + ... , ( f . 24 ) 


where V{k) is the fc-th derivative of V with respect to its argument. 

In particular, for the one dimensional harmonic oscillator V(x) = x^. The pseudodiffer¬ 
ential operators in (|F.24|) become. 


(^^ + xT^ = r^-x^r^ + 4xr^ + ..., 

+ ^ 2 ,- 1/2 ^ 5-1 _ + ^^-4 + . . ( p . 25 ) 


A 
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